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SUMMARY 


\ 


This  monograph  summarizes  the  gas  dynamics  of  high-speed  guns, 
utilizing  a  gas  of  low  molecular  weight  at  high  temperature.  Iheory 
and  test  results  are  presented.  Ttie  reader  is  assumed  to  be  an  advanced 
student  In  engineering.  The  fundamental  Ideas  and  eauatlons  are  fully 
developed. 
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PART  I.  INTRODUCTORY  REMARKS 


Section  1 

Purpose  of  Monograph 

In  the  year  1945,  after  700  years  of  shooting  guns,  the  maximum  velocity  of 
projectiles  was  10,000  ft/seo.  However,  within  the  past  20  years  projectile 
velocities  obtained  from  guns  have  risen  spectacularly  to  a  value  of  37,060  ft/sec.* 
This  surprisingly  large  gain  in  velocity  during  a  relatively  short  period  of  time 
was  the  result  of  a  vigorous  effort  pursued  to  make  possible  the  study  of  hyperveloolty 
phenomena  in  the  laboratory.  The  Increase  in  projectile  velocity  was  a  reflection  of 
the  increase  In  our  knowledge  of  the  interior  ballistics  process;  the  Increase  in 
knowledge  still  continues,  and,  coupled  with  our  advancing  technology,  gives  promise 
of  effecting  in  the  next  20  years  equally  large  projectile  velocity  increases. 
Projectile  velocities  of  60,000  ft/sec  by  19S5  seem  not  only  possible  but  probable. 

What  is  the  extent  of  our  knowledge  of  interior  ballistics  which  made  possible  the 
startlingly  large  gain  in  projectile  velocity?  This  monograph  will  address  Itself  to 
answering  this  query.  It  will  summarize  our  understanding  of  the  gas  dynamics  of 
high-speed  guns,  those  firing  projectiles  above  10,000  ft/sec.  As  Is  now  well 
known,  in  order  to  achieve  high  speeds,  a  gun  must  use  a  hot  "light  gas"  as  a 
propellant,  that  is,  a  gas  of  low  molecular  weight  at  high  temperature.  This  require¬ 
ment  for  a  hot  light  gas  propellant  becomes  obvious  from  the  interior  ballistics  theory 
as  unfolded  below.  . 

The  reader  is  assumed  not  to  be  an  expert  in  the  field  of  interior  ballistics,  but 
is  assumed  to  be  a  graduate  student  in  engineering.  Consequently,  the  fundamental 
ideas  and  equations  are  rather  fully  presented;  thus,  included  in  some  detail  in  the 
main  text  and  appendices  are  explanations  of  the  method  of  oharaoterlstics.  Included 
also  are  methods  for  calculating  gun  performance  which  have  now  become  unnecessary 
because  of  the  use  of  electronic  oomputlng  machines;  nevertheless,  these  methods  aid 
in  the  understanding  of  the  Interior  balllstlos.  It  is  hoped  that  the  more  knowledge¬ 
able  reader  will  adjust  to  the  inclusion  of  much  elementary  material  and  to  the 
repetitious  style  used  for  olarity. 


Section  2 

The  Basic  Requirements  for  a  High-Speed  Run 

The  basic  factors  determining  the  speed  of  a  projectile  propelled  from  a  gun  may  be 
simply  obtained  by  applying  Newton’s  force  equation  to  the  projectile.  Schematically, 
the  projectile,  during  its  travel  in  the  gun  barrel,  may  be  represented  as  in  the  sketch 
on  the  following  page. 


NASA,  Ames  Research  Center  (April  1665). 
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The  projectile  mass  is  denoted  by  M  ,  the  length  of  barrel  by  L  ,  and  the  cross- 
sectional  area  of  the  barrel  by  A  .  The  propellant  pressure  at  the  back  end  of  the 
projectile  is  denoted  by  the  letter  p^  .  At  any  instant  of  tine  Newton’s  Law 
applied  to  the  projectile  yields* 


'  du-  du_ 

,  M  — E.  =  Mu.  — E 
dt  dx. 


=  PpA 


(2-1) 


where  Up  is  the  instantaneous  projectile  velocity  and  Xp  Is  the  corresponding 
distance  traveled  by  the  projectile. 


If  Eauatlon  (2-1)  is  integrated,  it  beooDes 


MVV2  =  A  /j^^'PpdXp  (2-2) 

where  V  is  the  muzzle  velocity  of  the  projectile.  With  p  ,  the  spatial  average 
propelling  pressure,  defined  as 


F 


L  Jq 


liici  projectile  velocity  becomes 

V  =  /2p  AL/M  . 


(3-3) 


(2-4) 


This  result,  Eguatio-i  (2~i),  indicates  essentially  the  factors  upon  which  the 
projectile  velocity  depends.  To  increase  the  projectile  velocity,  one  must  increase 
the  value  of  the  quantities  under  the  square  root  sign.  Thus,  the  one  step  in 
achieving  a  higher  projectile  velocity  is  to  change  the  sizes  of  the  projectile  and 
barrel  so  as  to  increase  the  value  of  AL/M  ;  this  requires,  for  a  given  cross- 
sectional  area  A  of  the  barrel,  that  M  be  made  smaller  and  L  larger. 

(Note  that  if  a  gun  is  made  larger  by  geometrically  scaling  it,  AL/M  remains  the 
same.)  However,  practicality  limits  these  changes,  for  M  may  be  made  only  so 
small  for  a  given  barrel  diameter  and  L  may  be  made  only  so  large  (as  frictional 
and  gas  dynamic  effects  lower  p  substantially  if  the  barrel  is  too  long  -  see  below), 


*  for  purposes  of  this  discussion,  the  air  pressure  in  front  of  the  projectile  and  the  frictional 
force  acting  on  the  projectile  have  been  assumed  negligible. 


Unfortunately,  after  having  made  AL/M  ae  large  as  practical,  It  is  found  with  a 
conventional  propellant  gun  that  the  projectile  velocity  is  still  much  below  that 
desired. 

From  the  above  considerations  one  is  led  to  the  conclusion  that  after  AL/M  is 
made  as  large  as  practical,  the  only  method  of  achieving  high  velocity  is  to  increase 
the  average  propelling  pressure  p  . 

The  reason  for  the  difficulty  in  obtaining  a  high  average  pressure  In  the  case  of  a 
gun  using  a  converitional  powder  propellant  Is  Illustrated  by  the  following  sketch. 


Here  the  pressure  behind  the  projectile  in  the  conventional  gun  is  plotted  as  a 
funotion  of  its  travel.  The  rise  in  pressure  from  zero  to  the  peak  pressure  p,^ 
results  from  the  burning  of  the  propellant;  as  will  bt  shown  below,  the  rapid  pressure 
decrease  thereafter  results  mainly  from  the  propellant  inertia  as  the  propellant  gas 
aooeleratea  to  push  the  projectile.  It  Is  evident  from  the  sketch  that  the  average 
pressure  p  is  considerably  below  the  peak  pressure  P|^  for  the  conventional 
propellant. 

Of  course,  Increasing  the  amount  of  propellant  in  the  chamber  would  increase  p,^ 
and  thus  p  ,  but  the  strength  of  the  gun  limits  the  value  of  p,^  .  By  using  the 
maximum  amount  of  conventional  gunpowder  which  may  be  contained  even  by  specially 
strengthened  guns,  velocities  of  about  12, 000  ft/seo  have  been  reached  with  low  mass 
projectiles.  This  velocity  is  about  the  maximum  achievable  with  the  conventional 
propellant  gun  system. 

As  indicated  in  the  preceding  paragraph,  there  is  obviously  a  practical  limit  to 
the  strength  of  the  parts  of  a  gun.  The  main  parts  of  a  gun  system  are  (a)  the 
projectile,  (b)  the  barrel,  and  (c)  the  gun  chamber  or  chambers.  The  values  of 
stresses  experienced  by  each  of  these  components  is  dependent  on  the  pressure  pulse 
to  which  it  is  subjected.  (The  ratu  of  pressure  application,  as  well  es  the  value 
of  the  peak  pressure,  determines  the  stresses  experienced.)  In  piactlce,  the  chambers 
and  barrels  of  guns  may  be  designed  to  withstand  static  pressures  up  to  about 
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130,000  Ib/in*  without  being  permanently  deformed;  a  rugged  projectile,  similarly, 
may  be  designed  to  withstand  130,000  lb/ln‘,  whereas  a  fragile  projectile  may  only 
withstand,  perhaps,  250,000  lb/in‘.  Parts  which  are  expendable  may  be  designed  to 
deform  but  not  rupture  at  transient  pressiires  as  high  an  1,000,000  Ib/ln®. 

This  discussion  points  to  the  main  requirement  in  achieving  a  high  projectile 
velocity  after  having  made  Al,/M  as  large  ns  possible:  the  requirement  of  obtaining 
a  high  a-’orage  pressure  p  behind  a  projectile,  while  at  the  same  time  limiting  the 
pressure  rise  in  all  parts  of  the  gun  system  so  as  not  to  cause  unacceptable  damage 
to  the  parts. 


Section  3 

The  Velocity  Attainable  by  Use  of  a 
Constant  Base  Pressure  Propellant 

For  a  gun  of  given  geometry  propelling  a  given  projectile,  the  quantities  A  ,  L  , 
and  M  are  fixed.  fVir  this  gun  system  there  is  a  maximum  allowable  pressure  p^ 
which  the  projectile  can  sustain.  Under  idealized  circumstances  one  could  hope  that 
the  pressure  of  the  propellant  propelling  the  projectile  would  be  constant  and  equal 
to  Pj  during  the  entire  projectile  travel.  (Thus,  p  =  p^  =  a  constant.)  This 
situation  is  shown  in  the  fallowing  sketch. 


*  Instead  of  the  streas  oapablllt.r  of  the  projectile,  one  nay  discuss  the  aooeleratlon 
capability.  The  latter  description  nay,  be  more  pertinent  if  the  projectile  carries 
limited  payloads. 
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Such  an  Imagined  propellant,  whose  propelling  pressure  would  be  maintained  at  a 
cuiiatant  value,  is  Known  as  a  "constant  base  pressure  propellant”  or  "constant  pressure 
propellant".  In  this  case  the  projectile  velocity  attained  would  be  the  maximim 
attainable  velocity  ^or  the  given  gun  system.  This  velocity,  denoted  as  Uj  ,  is 
easily  calculated  by  applying  Newton’s  Law  to  the  projectile.  Thus* 


du  du 

M — E  =  Mu,, — E  =  p.A  =  p.A 
dt  P  dXp  P  “ 

which,  when  Integrated  along  the  barrel  length,  yields 


(3-1) 


“o  = 


2PoAL 

M 


(3-2) 


.  The  first  calculation  one  should  make  for  a  given  gun  when  attempting  to  assess  its 
possibilities  of  attaining  high  velocity  is  the  calculation  of  Ug  ;  for  u^  is  the 
highest  velocity  attainable. 


If,  for  example,  a  sphere  la  chosen  as  the  projectile,  Ug  becomes 


'2PgAL 


2Po(7rD74)L 

(rrDV8)/0- 


3Pc 


(3-3) 


where  Pp  Is  the  density  of  the  projectile.  Thus,  for  a  very  light  projectile  such 
as  a  nylon  sphere  (pp  ^  1,2  g/on^)  in  a  gun  with  a  long  barrel  (L/D  =  300),  with 
Pg  ^  100,000  Ib/ln^  (a  relatively  high  pressure),  Eauatlon  (3-3)  yields  Ug  =  76,000 
ft/seo. 


For  the  same  gun  with  Pg  =  30,000  Ib/ln^  ,  Ug  Is  calculated  to  be  42,000  ft/seo. 

It  becomes  obvious  that,  even  In  the  Idealized  case  of  a  constant  propelling 
pressure,  one  needs  for  high  velocity  extremely  long  guns,  high  pressures,  and  low 
projectile  massesi  these  needs  are  even  more  pronounced  In  the  actual  case  where 
the  average  propelling  pressure  Is  much  below  the  peak  pressure,  Thus,  the  quest  for' 
a  high  velocity  gun  becomes  a  quest  for  a  propellant  which  will  maintain  the  propelling 
pressure  at  a  high  value. 


Here,  for  the  purpose  of  obtaining  the  maximum  attainable  velocity,  the  friction  on  the 
projectile  and  air  pressure  In  front  of  It  are  assumed  negligible. 
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Section  4 

Description  of  the  Prebumed  Propellant  Oun 

In  this  section  will  be  considered  the  gun  system  In  which  the  propellant  has  been 
completely  reacted  before  the  projectile  Is  allowed  to  move.  This  gun  system  Is  termed 
a  "Prebumed  Propellant"  Gun  and  designated  as  a  PP  Gun.  The  gun  is  visualized  as 
consisting  of  a  chamber  of  diameter  joined  by  means  of  a  transition  section  to  a 
barrel  of  diameter  Dj  .  The  projectile  Is  positioned  initially  so  that  Its  back  end 
Is  at  the  beginning  of  the  barrel  section.  Immediately  before  the  projectile  begins 
to  move,  the  reacted  propellant  produces  In  the  chamber  a  gas  at  an  Initial  and  peak 
pressure  Pg  and  sound  speed  a^  ,  temperature  Tg  ,  etc.  (See  the  following  sketch.) 


When  the  chamber  diameter  Is  greater  than  the  barrel  diameter  >  1)  the  gun 

Is  described  as  a  "chambered"  gun,  or  a  gun  with  "ohambrago".  Whon  the  chamber 
diameter  Is  equal  to  that  at  the  barrel,  the  gun  Is  described  as  "having  no  ohambrage", 
or  as  a  "constant  diameter  gun". 

In  practice  a  preburned  propellant  gun  may  employ  a  diaphragm  to  separate  the 
propellant  In  the  chamber  from' the  projectile;  this  diaphragm  Is  ruptured  when  the 
propellant  has  completed  Its  reaction.  Another  poaslbillty  Is  the  use  of  a  "shear 
disc"  around  the  projectile  Itnelf  which  shears  when  the  reaction  has  been  completed. 
One  type  of  a  preburned  propellant  gun  Is  that  which  uses  as  a  propellant  a  non- 
reacting  gas  (such  as  compressed  helium). 

In  a  preburned  propellant  gun  the  projectile  is  restricted  from  movement  until  the 
pressure  has  reached  a  peak  value;  It  will  be  shown  below  that,  after  the  projectile 
is  released,  the  pressure  behind  the  projectile  decreases  as  the  projectile  increases 
In  velocity  and  moves  along  the  barrel.  (Bee  the  following  sketch.) 
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The  attainment  of  high  velocity  In  this  case  requires  that  the  pressure  decrease  be 
minimized;  for  maximum  velocity  one  would  wish  for  the  constant  pressure  propellant 
previously  mentioned  which  would  maintain  Its  pressure  at  the  peak  value  Pg  behind 

the  projectile  during  the  projectile’s  entire  travel,  ,  , 

'/  * 

If  the  pressure  behind  the  projectile  were  maintained  at  the  Initial  peak  value 
Pg  ,  the  velocity  In  this  idealized  case  la  os  calculated  In  Equation  (3-2), 

Ug  =  v^PgAL/M  . 

In  practice  a  velocity  equal  to  the  velocity  Ug  for  the  preburned  propellant  gun  is 
unattainable;  this  Is  a  consequence  of  the  fact  that  in  such  a  gun,  as  will  be  shown 
below,  the  pressure  behind  the  projectile  Inevitably  must  drop  as  the  projectile 
velocity  increases;  unfortunately,  the  greater  the  projectile  velocity,  the  greater 
will  be  the  drop.  i'* 


Section  B 

A  Qualitative  Description  of  the  Pressure  Disturbances 
Occurring  During  Firing  of  a  Preburned  Propellant  Oun 

When  the  projectile  in  a  gun  begins  to  move,  It  momentarily  leaves  a  slightly 
evacuated  or  a  lower  pressure  space  behind  it.  The  layer*  of  gas  that  was  initially 
behind  the  projectile  quickly  moves  (an  inflnltesslmal  amount)  toward  the  projectile 


*  The  gae  is  imagined  to  be  composed  of  thin  layers  or  discs  of  gas  which  are  perpendicular 
to  the  axis  of  the  gun. 
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iiiLu  Lilia  uvucuuLed  space,  uecause  tnere  now  more  space  available  to  this  first 
gas  layer.  Its  pressure  drops.  The  layer  of  gas  immediately  behind  the  first  layer  of 
gas  then,  likewise,  finds  itself  next  to  a  slightly  evacuated  space  (ns  a  result  of 
the  first  layer’s  motion)  and  so  it  likewise  moves  into  the  evacuated  apace.  Similarly, 
each  successive  layer  in  turn  moves  into  the  space  in  front  of  it  which  has  been  Just 
previously  evacuated.  This  progression  of  successive  movement  is  a  disturbance  in  the 
gas  which  proceeds  at  the  speed  of  sound.  Since  this  disturbance  is  characterized  by 
the  fact  that  it  decreases  the  pressure  and  density  of  the  gas  through  which  it  passes, 
it  is  termed  a  rarefaction  disturbance.  (Other  names  for  the  disturbance  are  impulse, 
wave,  wavelet,  or  pulse;  the  adjective  "acoustic”  o*  "sound"  is  often  put  in  front  of 
these  terms.) 


It  is  seen  that  the  pressure  drop  accompanying  the  disturbance  results  from  the  fact 
that  the  projectile  has  accelerated  and  in  turn  each  layer  of  gas  has  been  accelerated. 
The  auantltative  value  for  this  pressure  drop  from  the  accelerating  projectile  motion 
is  given  below.  Qualitatively,  the  more  quickly  each  lojer  of  gas  moves  into  its 
neighbor’ s  evacuated  space,  the  less  is  the  pressure  drop  and  the  better  able  is  the 
gas  to  push  on  the  propellant.  Thus,  a  good  propellant  gas  would  be  one  of  low 
"inertia”  in  this  process  of  successive  movement,  t 

During  the  entire  movement  of  the  projectile  in  the  barrel,  the  projectile  continues 
to  produce  these  rarefactions  which  travel  toward  the  breech  at  the  local  velocity 
of  sound  of  the  propellant  gas,  Consequently,  the  pressure  of  each  layer  of  the  gas 
behind  the  projectile  drops  continuously  as  the  projectile  accelerates  toward  the 
muzzle;  In  particular,  the  pressure  of  the  gas  layer  directly  behind  the  projectile 
drops  the  most,  since  all  of  the  rarefactions  first  travel  through  this  gas  layer, 

In  a  gun  with  no  ohambrage,  l.e,,  a  constant  oross-seotlonal  area  gun,  each  layer 
of  gas  similarly  moves  into  the  space  vacated  by  Its  front  neighbor  until  the  layer 
of  gas  next  to  the  breech  begins  to  move  forward.  The  breeoh  layer  then  begins  to 
move  into  the  space  vacated  by  its  neighbor,  but  there  Is  no  neighbor  behind  It  to 
fill  up  the  space  it  is  vacating;  therefore,  it  Is  retarded  in  its  motion  and  by  so 
doing  leaves  the  space  ahead  into. which  it  is  moving  somewhat  evacuated.  The  neighbor 
In  front  of  the  breeoh  layer  feels  this  slightly  evaounted  space  behind  it  and  so  it 
is  retarded  in  its  forward  motion;  this  retardation  of  each  neighbor  in  turn  proceeds 
toward  the  projectile,  resulting  in  a  progression  of  a  rarefaction  disturbance  which 
travels  from  the  breeoh  end  toward  the  projectile  end. 


f  It  Is  shown  below  that  the  quantitative  expression  for  the  gas  inertia  is  "a^”;  for  an  Ideal 
igas  afi  is  inversely  proportional  to  the  initial  sound  speed  for  a  given  initial  pressure 
Equation  (11-3). 
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This  dlsturfcincG,  nhlcli  oiisiimLeB  ai  i-iiB  biooch  end,  is  termea  a  "retiected”  rare¬ 
faction  and  Is  a  result  of  the  fact  that  there  Is  a  breech  end.  All  of  the  rarefaction 
produced  by  the  projectile  reflect  from  the  breech  In  this  manner;  they  travel  toward 
the  projectile,  transmitting  the  Information  to  the  gas  and  the  projectile  that  there 
Is  a  limited  quantity  of  gas  to  fill  the  evacuated  spaces.  These  reflected  rarefaction 
lower  the  pressure  of  the  gas  through  which  they  travel  further  than  if  there  had  been 
no  breech.  In  particular,  when  these  reflected  rarefactions  reach  the  back  end  of  the 
projectile,  they  lower  the  pressure  behind  the  projectile;  consequently,  the  projectile 
velocity  Is  not  as  large  as  It  would  have  been  if  these  reflected  rarefactions  had  not 
reached  the  projectile. 

A  more  complex  phenomenon  occurs  In  a  gun  with  chambrage.  In  such  a  gun,  as  a 
rarefaction  traveling  In  the  barrel  toward  the  breech  reaches  the  Increasing  area 
section,  the  evacuated  space  la  filled  by  gas  flowing  from  a  larger  volume  layer; 
consequently,  the  pressure  In  the  space  Is  raised  to  higher  value  than  if  the  gas  had 
moved  from  the  constant  diameter  smaller  bore  layer.  In  turn,  each  layer  of  gas  in 
the  transition  section  leaps  Into  the  space  evacuated  by  the  layer  In  front  of  It  and 
each  tends  to  raise  the  pressure  a  little  more  than  If  they  had  been  gas  layers  of  the 
same  diameter  as  the  bore.  In  effect,  therefore,  the  rarefaction  Impulses  which  are 
produced  from  the  back  of  the  moving  projectile  when  they  come  to  the  change  of  area 
of  the  transition  section  are  partially  reflected  as  compression  disturbances;  these 
compression  Impulses  travel  toward  the  projectile.  Upon  reaching  the  projectile  they 
raise  the  pressure  behind  the  projectile,  and  therefore  the  projectile  velocity,  to  a 
value  above  that  of  a  gun  with  no  chambrage.  Thus,  the  rarefactions  produced  by  the 
.projectile  in  a  chambered  gun  upon  reaching  the  change  of  area  section  are  partially 
lAfi^eoted  as  compression  impulses  and  partially  transmitted  as  rarefactions.  The 
t'rt^smltted  rarefactions  continue  their  travel  toward  the  breech  still  as  rrirefaoiioiis; 
at 'the  breech  they  are  reflected  again  as  rarefactions  and,  at  the  transition  section 
of. area  decrease,  a  portion  Is  reflected  as  a  rarefaction  and  the  remaining  portion 
continues  Its  travel  toward  the  projectile  as  a  rarefaction.  This  sequence  of  events 
continues  as  the  projectile  moves  along  the  barrel. 

In  summary,  changes  in  pressure  of  the  gas  behind  the  projectile  occurring  in  a 
prebumed  propellant  gun  are  these;  (1)  There  is  a  drop  In  pressure  from  aoceleratlng 
projectile  motion  which  is  present  dur.lng  the  entire  projectile  travel.  (2)  There  Is 
a  drop  in  pressure  caused, by  rarefactions  reflecting  from  the  breech  which  are  present 
in  the  latter  stages  of  the  projectile  motion  when  these  reflections  reach  the 
projectile.  (3)  There  la  a  rise  in  pressure  from  the  compressions  reflected  from  the 
change  in  area  section  which  Is  present  during  the  entire  projectile  motion. 
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Section  6 

Ihe  Derivation  of  the  Equations  fur 
Disturbances  Traveling  in  the  Gas* 


It  is  apparent  from  the  discussion  In  Section  5  that  changes  in  the  gas  are  brought 
about  by  the  acoustic  disturbances  which  travel  in  both  directions  in  the  propellant 
gas.  Although  only  infinitesimal  chai.ges  result  from  the  passage  of  each  disturbance, 
finite  changes  result  from  the  passage  of  a  multitude  of  these  disturbances.  Let  the 
changes  wrought  by  a  single  infinitesimal  disturbance  traveling  with  velocity  D  into 
a  differential  layer  of  gas  in  a  constant  diameter  tube  be  examined.  Let  this  layer 
before  the  passage  of  the  disturbance  have  a  pressure  p  ,  a  density  p  ,  and  gas 
velocity  u  ;  after  the  disturbance  passes  the  layer,  these  quantities  are  increased 
by  differential  amounts  as  shown  in  the  following  sketch. 


t  =  t  +  dt 


As  Indicated  in  the  sketch,  the  layer  of  r>as  to  be  examined  is  traversed  by  the 
disturbance  in  time  dt  .  Thus,  It  Is  Initially  (D-u)dt  long,  and  after  passage 
of  the  disturbanoe  it  Is  (D-u-du)dt  long,  as  may  be  discerned  from  the  next  sketch. 


Bee  Appendix  B  for  an  alternate  derivation. 
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The  mass  of  gas  Is  therefore  expressible  In  terns  of  the  gas  layer’s  length  before 
or  after  traversal  by  the  disturbance  wave;  hence 


A(D  -  u)pdt  =  A<D  -  u  -  du)dt  {p  +  dp) 
where  A  is  the  cross-sectional  area  of  the  tube. 


(6-1) 


During  the  entire  time  of  passage  of  the  disturbance  wave  a  pressure  of  value 
p  -f  dp  acts  on  the  left  end  of  the  layer,  while,  a  pressure  of  value  p  acts  in  the 
opposite  direction  on'  the  right  end  of  the  layer.  Thus,  the  net  pressure  acting  on 
the  layer  is  dp  .  The  acceleration  of  the  layer  is  the  velocity  change  du  experienced 
by  it  divided  by  the  elapsed  time  dt  .  Thus,  Newton’s  Law  applied  to  the  layer  is 


Adp 


du 


=  A0(D  -  u>6t  — 
dt 


(6-2) 


net  force  mass  acceleration 
If  du  is  eliminated  from  Equations  (6-1)  and  (6-2),  one  obtains 


(D  -  u)  *  =  , 


dp 


dp 


(6-3) 


The  assumption  is  here  made  that  the  Infinitesimal  changes  which  occur  during  the 
passage  of  the  disturbance  are  Isentroplc  (that  is,  reversible  and  adiabatic);  thus, 
the  right  hand  side  of  Equation  (6-3)  Is  the  square  of  the  sound  speed  of  the  gas,  a’. 


Equation  (S-3)  becomes 


D  -  u  =  a 


or 


D  -  u  +  a 


(6-4) 


This  disturbance  Is  thus  found  to  travel  with  the  speed  of  sound  relative  to  the  gas. 
Equations  (6-2)  and  (6-4)  may  be  combined  to  give 


dp 


apdu 


(6-5) 


This  is  the  fundamental  expression  for  the  pressure  change  across  a  "u  +  a" 
disturbance  wave. 


In  a  similar  manner  a  disturbance  traveling  upstream  could  be  analyzed,  such  a 
disturbance  is  shown  in  the  following  sketch. 
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dp  =  -a/odu 


<6-fi) 


across  a  "u  -  a"  disturbance. 


By  examining  the  above  eQuatlons  one  may  determine  the  significant  propellant  gas 
property  which  governs  the  magnitude  of  the  pressure  change  due  to  the  passage  of  a 
disturbance  in  a  constant  diameter  tube.  Equations  {S-5)  and  (6-6)  may  be  rewritten 
as 


dp  =  (a/Ddt)  (du/dt) 
dp  =  -(afidt)  (du/dt) 


(6-7) 


for  the  pressure  change  across  a  downstream  and  upstream  disturbance  wave,  respectively. 
The  quantity  "a/o"  ,  the  gas  acoustic  Impedance  or  acoustio  inertia,  Is  the  mass  per 
unit  time  traversed  by  a  disturbance  wave;  it  Is  thus  properly  Identified  as  tne  Inertia 
of  the  propellant  gas. 


For  small  &p  ,  the  pressure  change  will  be  small  to  effect  a  given  velocity  change; 
for  large  ap  ,  the  pressure  change  must  be  large  to  effect  a  given  velocity  change. 
Thus,  the  acoustic  inertia  ap  of  the  gas  is  seen  to  be  the  fundamental  gas  property 
which  determines  the  magnitude  of  pressure  changes  required  to  produce  given  velocity 
changes.  It  will  be  dlsoussed  further  In  Section  9. 

For  convenience,  Equations  (6-6)  and  (6-6)  are  usually  rewritten  in  terms  of  changes 
which  occur  when  traveling  with  or  along  the  disturbance  rather  than  those  which  occur 
when  traveling  across  the  disturbance.  Hence,  since  the  change  across  a  "u  +  a” 
disturbance  equals  the  change  along  a  “u  -  a”  disturbance,  and  vice  versa,  Equations 
(6-5)  and  (6-6)  become 


dp  +  apdu  =  0  (6-8) 

along  a  "u  +  a”  disturbance  path, 

dp  -  apdu  =  0  (6-9) 

along  a  "u  -  a”  disturbance  path. 

These  equations  are  known  as  the  chare':- eristic  equations;  they  permit  a  numerical 
solution  to  the  Interior  ballistics  orohi  in  the  case  of  a  gas  flowing  Isentroploally 
In  a  constant  diameter  tube.  This  so; '.tt  j.-i  possible  because  the  Infinitesimal 
changes  described  In  Equations  (6-8)  w'l  >  result  In  the  finite  changes  which 

occur  In  the  gas. 
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Section  7 

Summary  of  Equations  Applicable  to  an  Isentropic 
Gas  Expansion  In  a  Constant  Cross-Sectional  Area  Tube 

The  meaning  of  the  equations  In  Section  6,  which  apply  to  a  gas  which  expands  In  a 
constant  urosc-sectlonal  area  tube  Is  discussed  in  Appendix  C;  the  equations  are 
derived  In  a  more  rigorous  fashion  In  Appendix  B.  It  Is  assumed  there  that  the  gas 
expansion  Is  one-dimenslonal.  Farther,  it  Is  assumed  that  the  flow  is  adiabatic  and 
reversible  (Isentropic),  that  is,  that  friction  and  heat -transfer  effects  within  the 
gas  are  negligible.  (The  irreversible  effects  are  discussed  in  Part  VIII.)  These 
assumptions  have  been  shown  to  be  a  good  approximation^’  *  and  permit  a  relatively 
simple  solution  to  the  Interior  ballistics  problem. 

In  Appendix  B  the  one-dimenslonal  momentum  and  continuity  equations  applied  to  a 
layer  of  gas  isentroplcally  expanding  in  a  constant  diameter  tube  are  transformed  into 
the  oharaoteristio  equations.  These  equations  are  there  written  in  terms  of  the 
"Rlemann  Punotlon"  cr  ,  defined  as 


do-  u  (dp/ap)^ 


(7-1) 


They  are 


du  +  dcr  =  0  (7-2) 

along  the  path  of  a  oharaoteristio  line  of  slope  dx/dt  =  u  +  a  and 

du  -  dcr  =  0  (7-3) 

along  the  path  of  a  oharaoteristio  line  of  slope  dx/dt  =  u-  a.  Theu  +  a  and 
u  -  a  oharacteristio  lines  are  thus  the  paths  of  disturbances.  These  equations  are 
the  same  as  derived  in  the  previous  section.  For  oonsolseness  they  may  be  written 
as  (see  Appendices  A  and  C): 

D 

—  (u  ±  cr)  =  0  . 

Dt 


Equations  (7-2)  and  (7-3)  may  be  Integrated  to  yield 

u  +  a  is  constant 

along  the  path  of  a  disturbance  traveling  with  speed  u  a  =  dx/dt  and 

u  -  cr  Is  constant 

along  the  path  of  a  disturbance  traveling  with  spoed  u  -  a  =  dx/dt. 


(7-4) 


(7-B) 
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me  two  sets  of  characteristic  lines  (disturbances)  may  be  drawn  in  the  xt-plane. 
As  explained  in  Appendix  C,  the  u  ±  a  characteristic  lines  have  a  slope  equal  to 
u  ±  a  in  this  plane.  Alone  each  u  ±  a  characteristic  line  the  quantity  u  ±  a 
remains  constant. 


The  characteristic  Equations  (7-4)  and  (7-5)  may  be  applied  to  the  gas  expansion  in 
any  constant  diameter  tube  (e.g.,  In  the  gun  barrel  or  in  the  gun  chamber)  as 
demonstrated  in  the  sections  below.  In  particular,  these  equations,  together  with 
the  gas  equation  of  state,  may  be  directly  applied  to  a  constant  dlamoter  gun. 


In  general,  the  solution  of  these  equations  is  effected  numerically  by  progressively 
solving  for  conditions  at  the  intersections  of  the  u  +  a  with  u  -  a  characteristics 
(see  Appendix  C  and  Appendix  E).  In  special  oases  a  numerical  solution  is  unnecessary 
and  the  oharaoterlstlo  equations  may  bo  solved  analytically.  '  > 


Section  B 


The  Charaotorlstlc  Equations  for  the  Effectively 
Infinite  Length  Chamber.  D^/D^  =  1,  PP  Gun 


A  proburned  propellant  gun  having  a  constant  diameter  chamber  Joined  to  a  barrel  of 
the  same  diameter  is  considered.  Before  the  projectile  has  begun  to  move  the  gun 
appears  as  in  the  following  sketch. 


Chamber 

Preburned 

Propellant 


Barrel 


i 


T 
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Equation  Dq/Dj  =  1  .  Equatlona  (7-3)  and  (7-4)  may  be  applied  to  such  a  gun. 


When  the  projectile  motion  begins,  a  rarefaction  disturbance  Is  sent  back  with 
the  speed  of  sound  (a,,)  Into  the  gas  behind  it.  The  path  of  this  disturbance  Is 
shown  as  the  line  A-B-C  in  the  following  sketch.* 


This  disturbance  reaches  the  back  end  at  C  and  reflects.  The  reflected  disturbance 
Is  shown  as  C>D<E  In  the  sketch.  As  explained  In  Appendix  D,  the  region  A-C-B-A 
Is  known  as  a  “slnple  wave"  region.  Because  no  reflected  disturbance  reaches  this 
region,  the  entire  region  Is  desoribed  by  the  equation 


du  +  dcr  =  0 


or  equivalently 


This  becomes  upon  integration 


or  in  terms  of  cr, 


du  +  dp/ao  =  0 

u  +  fdp/ap  =  0 


u  +  o-  =  a-g 


where  u  is  taken  to  be  equal  to  zero  at  p  =  Pq  and  17  =  17^. 


(8-1) 

(8-2) 

(fl-3) 


A  gun  whose  chamber  length  Xp  is  sufficiently  long  so  that  the  first  reflected 
wave  C-D-B  does  not  reach  the  projectile  before  It  reaches  the  end  of  the  barrel  is 
termed  as  "Infinite  ohanber  length  gun”  or  an  "effeotlvely  Infinite  chamber  length  gun’ 


Usually  In  an  x-t  plot,  as  In  the  sketch,  the  projectile  path  is  drawn  as  a  single  line 
which  actually  represents  the  path  of  the  back  end  of  the  projectile. 
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a  gun  Is  unaffected  by  the  presence  of  the  back  or  breech  end;  the  projectile 
performance  is  the  same  as  It  would  be  In  a  gun  whose  chamber  length  were  truly 
Infinite.  Thus,  the  gas  behind  the  projectile  in  an  iiitinlte  chamber  length  gun  is 
characterized  by  Equations  (8-1).  (8-2),  and  (8-3). 


Section  9 

Role  of  the  Acoustic  Inertia  in  the 

Dq/D^  =  1.  x„  =  00,  pp  Gun 

In  Section  6  it  was  noted  that,  for  the  expansion  of  a  gas  in  a  tube,  the  acoustic 
impedance  up  plays  the  role  of  the  inertia  of  the  gas,  FVir  the  x^  -  oo,  d^/Dj  =  1  , 
PP  Gun  the  acoustic  impedance  may  be  directly  related  to  the  pressure  lirop  behind  the 
projectile. 

Thus,  Equation  (8-1)  describes  any  part  of  the  gas  behind  the  projectile  in  an 
Xj  =  00,  Dj/Dj  =  1  ,  gun;  it  may  be  rewritten  as 

dp  =  -nodu  (9-1) 

(This  Is  in  contrast  to  the  situation  in  a  PP  gun  which  has  D^/Dj  =  1  and 
Xg  not  equal  to  t»,  for  then  Equation  (9-1)  only  applies  to  "u  +  a"  disturbances.) 
Prom  Equation  (9-1)  it  is  apparent  that,  when  the  velocity  increases  behind  the 
projectile,  the  pressure  decreases.  Moreover,  Equation  (9-1)  indicates  that  the  drop 
in  pressure  for  a  given  velocity  increase  is  directly  proportional  to  np  .  Thus, 
in  this  unsteady  expansion  process  the  measure  of  the  propelling  gas  inertia  is  ap  ; 
the  drop  in  the  pressure  of  the  propelling  gas  (and,  in  particular,  of  the  gas 
directly  behind  the  projectile)  is  a  direct  result  of  the  gas  inertia  up  (and  an 
inevitable  result  unless  ap  can  be  made  zero). 

Equation  (9-1)  may  be  Integrated  to  yield  for  the  Dg/Dj  =  1  ,  Xg  =  oo,  pp  gun  the 
velocity  of  the  gas  at  any  point  in  the  flow 

PPO  dp 

u  =  .  (9-2) 

Jp  ^ 

It  is  seen  that  the  velocity  of  the  gas  expanding  from  rest  at  initial  pressure  Pg 
in  a  Dg/Dj  =  1  ,  Xg  =  00 ,  pp  gun  depends  only  on  the  acoustic  impedance  as  a  function 
of  pressure  for  the  Isentrope. 


For  a  Dg/Dj  =1,  Xg  =  oo ,  PP  gun  the  relationship  between  ap  and  p  determines  the 
entire  propellant  performance . 


N 
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The  Equation  for  the  Projectile 
By  application  of  Newton's  Law  to  the  projectile  one  obtains 


M 


(10-1) 


where  Pp  is  the  pressure  directly  behind  the  projeotile  and  u  is  the  velocity  of 
the  projectile.  The  barrel  is  here  assuffled  evacuated  and  the  frictional  forces  on  the 
projectile  are  assumed  nesllgible, 


Section  11 

Ihe  Equations  for  an  Ideal  Propellant  Oas  in  a 
PP  Oun  With  Dg/Bj  =1.  Xo  =  00 

The  words  “PPIO  Oun"  designating  "prebumed  propellant  Ideal  Oas  Oun”  refer  to  a 
PP  Oun  with  an  ideal  gas  propellant. 

An  ideal  (or  perfect)  gas  is  here  defined  by  the  following  thermal  and  isentropic 
equations.  (See  Appendix  3) 


p  =  pRT  (IM) 

P  -  p'^Po/p/ 

where  the  subscript  "0"  Indiostes  the  initial  rest  state  from  which  the  gas 
expands.  The  acoustic  Impedance  beoumas,  fur  the  Iseiitrope 


y+ l  yei 


The  sound  velocity  may  be  expressed  for  the  ideal  gas  as 


ft 


a‘ 


and  the  Rlcmann  funotlon  is  calculated  to  be 


(11-3) 


(11-4) 


where  cr  is  taken  to  be  itero  at  a  =  0 


(11-5) 
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The  gun  is  shown  in  the  following  sketch  Just  before  the  projectile  is  reieasea. 


D^/D,=  l 


From  Equations  (8-2)  and  (11-3)  the  pressure  may  be  related  to  the  velocity  for  the 
expansion  of  the  Ideal  gas  in  a  constant  diameter  gun 


sv 


In  the  Unit  of  y  =  1  ,  this  equation  assumes  the  form 


(11-7) 


Equation  (11-6)  is  the  pressure-veiooity  (p-u)  relationship  for  an  ideal  gas 
expanding  In  a  =  1,  x^  =  oo  ,  pp  (3un.  It  is  an  important  equation  in  that  it 

provides  an  insight  into  the  factors  determining  the  value  of  the  propelling  pressure. 
It  applies  to  each  part  of  the  expanding  gas;  In  particular,  it  applies  to  the  gas 
behind  the  projectile. 


Immediately  apparent  from  Equation  (11-6)  Is  the  fact  that  the  magnitude  of  the 
dimensionless  pressure  p/p^  primarily  depends  on  the  magnitude  of  the  dimensionless 
velocity  u/aj  .■  For  low  speed  guns,  in  which  u/a^  «  1  ,  p/pj,  is  nearly  one,  and 
the  pressure  drop  is  negligible.  For  high  speed  guns,  the  drop  is  seen  to  be 
devastating. 


Ihe  effect  of  y  on  the  pressure  drop  Is  evident  from  the  plot  of  Equation  (11-6) 
for  varying  y  .  This  plot  is  shown  in  Figure  l  and  in  the  upper  sketch  on  the 
following  page.  It  Is  noted  from  the  plot  that  the  lower  the  y  the  less  is  the 
pressure  drop,  but  the  pressure  drop  Is  still  present  even  when  y  is  equal  to  one. 

As  Indicated  before,  of  greater  Influence  on  the  pressure  drop  is  the  gas  initial 
sound  speed  ,  This  Is  apparent  if  a  plot  of  p  versus  u  Is  made  from 

Equation  (11-6)  for  various  initial  sound  speeds,  Buoh  a  plot  is  shown  in  the 
lower  sketch  on  the  following  page. 
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The  higher  the  initial  tpund  speed,  the  lou/er  is  the  pressure  drop,  (This  uonoluslon 
could  have  been  arrived  at  by  noting  from  EQuatlon  (11-3)  that  the  aoouatio  Impedance 
(which  determines  the  pressure  drop)  of  the  ideal  gas  is  Inversely  proportional  to 
the  initial  sound  speed,)  Thus,  for  an  ideal  gas  expanding  in  a  D^/D^  =  1,  x,  =  oo  , 
PP  Qun,  a  gas  with  a  high  initial  sound  speed  is  required  to  minimize  the  pressure 
drop.  If  the  initial  sound  speed  is  infinite,  there  is  no  drop  in  the  pressure  of  the 
gas  as  its  velocity  Increases. 

,  .  I  « 

It  is  seen  from  Equation  (11-6)  that  the  pressure  drops  to  a  value  of  zero  when'  the 
gao  velocity  reaches  a  value  of  2a,/(y-l)*.  Th.^s  velocity  is  termed  the  “esoapy 
velocity”. 


u  esc 


2 

- 

(7-1)  “ 


(11-8) 


for  a  Dq/Dj  =1,  Xg  =  00  ,  ideal  gas  expansion  in  a  PP  Oun.  A  gas,  upon  expanding 
to  this  velocity,  can  push  no  more  since  its  pressure  ha?  dropped  to  zero.  The 
escape  velocity  is  one  measure  of  the  merit  of  a  propellant  gas;  however,  from 
Equation  (11-6),  which  may  be  rewritten  as 


*  For  the  limiting  case  of  a  r  ■  1  gas,  this  quantity  the  “escape  velocity",  Is  Infinite,  as 
may  be  seen  from  Equation  (11-T)  or  (11-B). 
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It  iB  seen  that 


p/Pj  dspends  on  y  as  well  as 


(11-9) 


More  Insight  into  the  relative  roles  of  the  propellant  gas  Initial  sound  speed  and 
specific,  heat  ratio  is  provided  by  plotting  p/p^  from  Equation  (11-6)  as  a  function 
of  Ug/yu  .  This  plot  is  shown  In  Figure  2  and  In  the  following  sketch. 


This  plot  is  nearly  a  single  curve  for  all  y  values*  with  the  equation 


I 


4 


i.  - 

Po 


(11-10) 


approxinating  all  the  y  ourvea.  Hence,  the  pressure  drop  occurring  at  a  given 
velocity  may  be  thought  of  as 'depending  essentially  on  the  parameter  a^/y  ;  the 
greater  this  paraneter,  the  less  is  the  pressure  drop  lor  a  ~  ~ 

Oun. 


Since  an  increase  in  the  gas  initial  sound  speed  is  more  effective  and  is  more 
easily  effected  than  a  decrease  in  the  specific  heat  ratio,  a  propellant  gas  with  a 
high  gg  has  been  sought.  For  the  ideal  gas  the  sound  speed  is  proportional  to  the 
square  root  of  the  temperature  divided  by  the  molecular  weight.  Thus,  by  the  above 
oonalderatlons  of  the  preburned  propellant  Dg/Dj  =1,  Xg  =  oo  ,  gun  ora  is  led  to  use 
as  a  propellant  gas  a  low  molecular  weight  gas,  such  as  hydrogen  or  helium  at 
elevated  temperatures , 


*  That  this  plot  should  be  nearly  a  single  ourve  results  from  the  fact  that  a  series  expansion 
of  Equation  (11-6)  reveals  a  dependence  of  p/Pg  only  on  yu/ag  for  low  values  of  yu/Sg 
and  from  the  faot  that,  at  high  values  of  yu/Sg  ,  p/Pg  becomes  aero  at  values  of  Sg/yu 
which  are  nearly  the  sans.  Also  note  that,  for  au  ideal  gas 


the  integral  of  which  Is  only  weakly  dependent  on  y  . 
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Section  12 


Tlie  Eauations  for  the  Motion  of  the  Projectile 
Propelled  In  a  D^/D^  =1,  =  co,  PPIG  Gun 


The  behavior  of  a  projectile  propelled  by  an  ideal  gas  in  a  Dg/Dj  =1,  =  oo, 

PP  Gun  may  be  obtained  by  inserting  the  expression  for  the  gas  pressure  (Equation 
(11-6))  into  Newton's  Law  for  the  projectile  (Equation  (10-1)).  If  this  is  done,  and 
the  integration  performed,  an  analytic  expression  is  obtained  for  the  distance 
traveled  by  the  projectile  as  a  function  of  the  projectile  velocity. 


2  r+1 

,  Up(y-l)' 

-  j.  1 

■y  - 1  -y  - 1 

J 

2ag  J 
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[1  ^“0 

Un  2  \  ®  / 


(12-1  . 


(12-2) 


for  a  y  =  I  gas.  (See  References  3,  4  and  5.) 

Equation  (12-2)  Is  plotted  for  different  values  of  y  in  Figure  3  and  in  the 
following  sketch. 


The  ordinate  in  this  figure  is  a  dimensionless  projectile  velocity,  Up/a^  ;  the 
abscissa  is  the  dimensionless  distance  traveled  by  the  projectile,  PgA^Xp/MSg 


It  Is  noted  from  the  Equation  (12-1)  that,  as  p^AjXp/MSg  becomes  infinite, 
UpCy  -  l)/2Bg  approaches  one,  i.o. ,  the  projectile  velocity  approaches  the  escape 
velocity.  However,  in  practice  the  projectile  velocity  is  rarely,  if  ever,  more 
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than  one  half  the  escape  speed*.  This  is  a  oonseauence  of  the  fact  that  at  the  high 
projectile  speeds  the  propellant  pressure  p  becomes  so  low  (see  Equation  (11-6)) 
that  gas  and  projectile  frictional  rcalatanco  and  sometimes  the  gas  pressure  in  front 
of  the  projectile,  neglected  here,  equal  the  propelling  gas  pressure  force.  Itie 
effects  of  friction  and  gas  pressure  in  front  of  the  projectile  are  discussed  in 
Section  40. 

A  most  useful  presentation  of  Equation  (12-1)'  may  be  obtained  by  plotting  the 
dimensionless  projectile  velocity  Up/u^  versus  dimensionless  initial  sound  speed 
a/yUg  .  The  quantity  Ug  ,  defined  as  /(2PgAXp/M)  ,  is  the  projectile  velocity 
attainable  if  the  projectile  is  propelled  by  a  constant  pressure  Pg  .  This  plot 
is  shown  in  Figure  4  and  in  the  following  sketch. 


The  ordinate  Up/Ug  may  be  thought  of  as  an  efficiency  of  the  propellant  gas  in 
its  ability  to  maintain  the  pressure  behind  the  projectile  at  a  value  equal  to  Pg  . 
(Note:  Up/'Ug  -  p/Pg ,)  It  is  seen  that  this  efflclenoy  is  high  for  high  dimensionless 
sound  speed  and  low  for  low  dimensionless  sound  speed.  Thus,  the  propelling  pressure 
is  only  maintained  a(  a  high  level  by  an  ideal  propellant  gas  when  the  initial  sound 
speed  is  high. 

Figure  4  illustrates  the  basic  facts  about  a  Dg/Dj  =1,  Xg  =  oo  ,  PPIQ  Qun.  The 
projectile  velocity  for  a  gun  of  given  geometry  (of  given  AL/M)  and  initial  propellant 
pressure  Pg  is  a  function  of  essentially  Sg/y  only.  A  relatively  high  velocity 
requires  a  relatively  high  Sg/y  ,  Moreover,  a  high  efficiency  (u  /Ug)  requires  a 
high  value  of  Sg/yUg  or  a  low  value  of  yUp/Sg  (as  seen  by  the  inclined  lines  of 
constant  yu^Sg  in  Figure  4).  Since  the  projectile  velocity  mainly  depends  on 
Sg/y  ,  the  effect  of  a  decrease  in  y  is  seen  to  be  the  same  as  the  effect  of  an 
increase  in  initial  sound  speed  ag  .  Both  change  the  ratio  Sg/y  by  the  same  amount. 
By  the  same  token  a  decrease  in  y  may  be  oomponsated  for  by  that  decrease  in  Sg 
which  would  maintain  the  ratio  ag/y  the  same. 


•  The  velocity  of  the  driver  gas  in  a  shooktube  In  which  the  initial  driven  gas  pressure  is  made 
as  low  as  possible  will  approach  more  closely  the  escape  speed. 

+  That  this  plot  is  nearly  a  single  curve  for  si'  v  values  follows  from  the  fact  that  Pp/Pg 
is  approximately  a  function  only  of  Ug/yUp  (see  Equation  (il-10)). 
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Since  the  value  of  y  for  Ideal  gases  may  be  altered  relatively  little  (from 
y  -  5/3  to  y  =  11,  and  not  as  desired,  the  ratio  a^/y  is  practically  increased  only 
by  increasing  the  sound  speed  a^  ;  in  this  tias  high  projectile  velocity  is  obtained 
in  an  =  co,  Dg/Dj  =  1  ,  PPIO  Gun. 


Section  13 


The  Finite  Chamber  Length,  Dq/D^  =  1,PP  Oun 

If  the  length  of  the  chamber  is  not  effectively  infinite,  disturbances  originating 
at  the  projectile  reflect  from  the  back  end  of  the  chamber,  and  subsequently  reach  the 
projectile  (see  Appendix  D).  Before  these  disturbances  reach  the  projectile  the 
motion  of  the  entire  gas  is  described  by  the  simple  wave  relation,  u  +  cr  =  cr^ , 

However,  after  reflections  reach  the  projectile,  the  gas  expansion  is  no  longer  a 
simple  wave  expansion,  and  the  sum  of  u  -i-  cr  may  be  shown  to  be  less  than  a.  , 


Then,  the  equations  which  must  be  used  are  the  characteristic  equations 
(7-5)  rewritten  below. 

(7-4)  and 

u  +  cr  = 

a  constant 

(13-1) 

for  lines  of 

dx/dt  = 

u  ,)■  a 

U  -  cr  = 

a  constant 

(13-2) 

for  lines  of 

dx/dt  = 

u  -  a  . 

The  gas  equation  of  state 

relations  are, 

for  the  isentrope, 

P  =  P(/0) 

(13-3) 

a  =  n(p)  for  a  given  entropy 

(13-4) 

cr  =  cr(p) 

(13-6) 

and  Newton’ s  Law  for  the 

projectile  is 

du. 
M— £ 
dt 

=  PpA  . 

(ia-6) 

The  solution  of  these  equations  in  the  finite  chamber  length,  constant  diameter, 
gun  case  requires  a  numerical  step-by-step  procedure  which  can  be  done  by  hand 
computing,  as  outlined  in  Appendix  E. 

Obtaining  the  chamber  length  Xg  necessary  to  be  effectively  Infinite  requires  a 
calculation  of  the  path  of  the  first  reflected  impulses,  For  a  PP  Gun  of  constant 
diameter  with  an  ideal  propellant  gas,  Heybey^  has  obtained  an  analytic  expression 
for  Xg  as  a  function  of  the  velocity  of  the  projectile  at  which  the 


first  reflected  impulse  reaches  the  projectile.  This  nay  be  transformed  to  yield 


PqAiXo  _  2 

1 

Ma'  r  +  1  ’ 

1  r,  _  "pist^^  - 

[  L  2^0  J 

which  for  y  =  1  becomes 

PoAi*o  _  ^Upj,j/2ao 

-  1 

(13-1 


(13-8 


Prom  Bauatlon  (13-8),  and  from  the  projectile  Up  versus  Xp  relation  of  Eauation 
(12-1),  Xp  may  be  plotted  as  a  function  of  the  distance  traveled  by  the  projectile, 
Xn,  t  ,  when  the  first  reflected  wave  reaches  it.  This  is  done  in  Figure  5  and  in 


25 


the  following  sketch,  from  which  it  is  noted  that  proportional  to  . 

Prom  the  figure 

*Plat  2. 5 

*0  (13-9) 
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The  dlAturbanoos  reflected  from  the  back  of  the  chamber  "tranamlt"  the  Information 
that  there  is  a  finite  Quantity  of  gas  in  the  chamber.  The  effect  of  these  reflected 
disturbances  is  to  decrease  the  pressure  behind  the  projectile  below  that  which  it 
would  be  without  reflections;  this  is  Illustrated  in  the  following  sketch,  which  is  a 
plot  of  the  pressure  behind  the  projectile  us  a  function  of  projectile  velocity. 


This  plot  can  be  redone  in  terms  of  dimensionless  pressure  Pp/Pg  versus  dimensionless 
velocity  Up/Ug  .  This  is  shown  in  the  sketch  on  the  following  page.  Each 
dlraensionlesB  chamber  length  p^AXg/Ma*  would  have  a  different  Pp/Pg  versus  Up/Sg 
curve  after  the  first  reflection  has  reached  the  projectile.  It  is  noted  from  these 
sketches  that  each  time  the  reflection  from  the  back  end  of  the  first  reflection 
roaches  the  projectile,  the  pressure-velocity  plot  has  a  discontinuity  of  slope. 
However,  a  velocity-travel  plot  of  the  projectile  le  found  not  to  have  an  obvious 
discontinuity  of  slope. 
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In  the  case  of  an  effectively  infinite  length  chamber  the  performance  of  the 
projectile  may  be  expressed  in  terms  of  dlmenslonleBB  projectile  velocity  (u_/ag) 
versus  dlmeneionless  travel  distance  (p^AXp/Mag).  In  the  finite  length  chamber 
preburned  propellant  gun,  a  numerical  solution  may  be  calculated  for  each 
dimensionless  chamber  length  (Xg  s  PgAXg/MSg),  Thus,  a  dimensionless  velocity 
versus  travel  plot  for  various  dimensionless  chamber  lengths  may  be  obtained. 

Such  a  plot  is  shown  in  Figure  6  for  a  y  =.  1,4  gas.  Ttie  points  where  the  finite 
Xg  curves  depart  from  the  Xg  =  oo  curve  may  be  calculated  from  equation  (12-7) 
or  obtained  from  Figures  3  and  5. 

Classically,  the  dimensionless  parameter  d/M  where  0  Is  the  mass  of  the  gas 
in  the  chamber,  has  been  shown  to  be  an  Important  interior  balllstios  parameter  (see 
Appendix  F),  The  dimensionless  chamber  length  Xg  may  be  transformed  Into  the 
dimensionless  mass  ratio  G/M  by  the  relation 
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(13-10) 
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where  the  Ideal  gas  relation  -  a^  has  been  used.  The  performance  curves  for 

a  finite  chamber  length  gun  now  take  the  form  shown  In  the  following  sketch. 


A  plot  such  as  this  Is  given  In  Figure  7  for  the  y  =  1.4  gas.  other  plots  for 
different  y  values  are  given  In  the  Dg/D^  =  1  plots  of  Figures  20  and  21.  Hence, 
the  behavior  of  a  projectile  propelled  by  on  Ideal  gas  in  a  preburned  propellant 
gun  with  constant  diameter  and  finite  chamber  length  Is  fully  speolfled  by  the  plots 
In  these  figures*. 


These  plots  are  the  results  of  numerical  oslouUtlon  using  the  characteristic  equations  above 
and  are  further  described  In  Part  V. 


PART  IV.  THE  CHAMBEKEP  PREBl'RNED  PROPELLANT  GUN 


Section  14 

(Bialltative  Discussion  of  the  Dq/D^  >  1,  pp  Gun 

The  chambered  gun  consists  of  a  chamber  Joined  to  a  smaller  diameter  barrel,  as 
shown  in  the  following  sketch. 

Transition  section 


In  conventional  balllstlos  calculations  ohambrage  Is  treated  by  assuming  that  the 
actual  chamber  can  be  replaced  by  an  equal  volume  imagined  chamber  of  cross-sectional 
area  equal  to  the  bore  oross-Beotional  area  (see  Special  Solution  discussion 
in  Appendix  P);  thus  the  performance  of  a  gun  is  considered  only  a  function  of  the 
gas  to  projectile  mass,  0/M,  and  is  not  dependent  upon  the  geometry  of  the  chamber. 

That  this  is  not  a  valid  procedure  is  evident  from  the  discussion  that  follows. 

It  seems  reasonable  that  the  greater  the  ohambrage  of  a  gun  the  greater  is  the 
proportion  of  the  rarefaction  (which  had  previously  come  from  the  projectile)  that  Is 
reflected  at  the  transition  section  as  a  compression.  One  may  consider  that  for  an 
Infinite  D^/D^  gun  no  part  of  the  reflected  rarefaction  produced  from  the 
projectile  will  be  transmitted  through  the  transition  section  as  a  rarefaction;  all 
of  it  would  be  reflect  as  a  compression  moving  toward  the  projectile. 

The  length  of  the  chamber,  ,  determines  the  time  taken  for  rarefactions  to 
reflect  from  the  breech;  the  smaller  x^  is,  the  more  quickly  the  reflections  reach 
the  projectile  and  tend  to  lower  the  projectile  velocity.  Also,  the  smaller  the 
Xq  ,  the  more  quickly  the  rarefactions  travel  back  and  forth  in  the  chamber  and  lower 
the  pressure  in  the  chamber, 

Hence,  one  concludes  that  increasing  either  the  chamber  length  x^  or  the  chamber 
diameter  Dq  will  increase  the  projectile  velocity.  However,  increasing  provides  the 
opportunity  of  increasing  the  projectile  velocity  to  a  greater  value  than  by  increasing 
Xg  ;  this  is  seen  from  the  following  example;  With  Infinite  x^  and  finite  equal 
to  diameter  of  the  bore,  the  projectile  receives  neither  reflected  rarefactions  nor 
compressions.  However,  with  infinite  and  finite  the  projectile  receives 
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only  compression  impulses  and  as  a  result  the  projectile  velocity  is  greater  than 
in  the  finite  infinite  case. 

It  will  be  shown  In  Section  28  that  the  numerical  results  for  chambered  gun 
performance  with  an  ideal  propellant  gas  indicates  the  following: 

(a)  For  PPIQ  guns  with  equal  0/M  ,  the  larger  the  chanbrage,  the  larger  will  be 
the  projectile  velocity  in  the  initial  stages  of  motion  (before  a  number  of 
reflections  have  occurred  between  breech  and  projectile). 

(b)  For  PPIQ  guns  with  equal  0/M  ,  in  the  latter  stages  of  motion  (after  a  number 
of  reflections  have  oocurred),  the  projectile  velocities  will  be  approximately 
the  same  for  all  guns,  no  matter  the  value  of  the  ohambrage. 

(0)  In  agreement  with  (a)  for  an  infinite  value  of  Q/M  (in  which  case  no  reflections 
come  from  the  breech),  the  greater  the  ohambrage,  the  greater  will  be  the 
projectile  velocity  for  PPIQ  guns. 


Section  18 


Hie  Qas  Dynamics  Equations  for  a  Chambered  PP  dun 

In  order  to  determine  analytically  the  behavior  of  the  expanding  propellant  gas  in 
a  chambered  gun,  the  assumption  is  again  here  made  for  convenlenoo  that  the  flow  is 
isentropln  (see  Section  40  for  the  non-isentropio  case). 

The  previously  derived  one-dimensional  oharacterlstlo  equations  are  applicable  to 
the  constant  diameter  chamber  and  are  applicable  to  the  constant  diameter  barrel. 


D(U  ±  or) 
Dt 


(16-1) 


Dt 


The  gas  flow  in  the  transition  section,  which  Joins  the  chamber  to  the  bore,  la 
actually  a  two-dimensional  unsteady  flow.  However,  it  is  not  feasible  to  solve  the 
two-dimensional  unsteady  equations.  There  are  two  possible  approximate  methods  of 
treating  the  flow  through  the  transition  section.  The  first  method  is  to  assume  that 
the  change  in  area  from  the  chamber  to  the  barrel  occurs  gradually  so  that  the  flow 
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may  be  assumed  to  be  one-dlmenslonal.  Then,  the  one-dinenslonal  characteristic 
method  can  be  applied  to  this  change  In  area  section.  Hie  characteristic  equations 
become,  for  the  change  in  area  section, 

D(u  ±  a)  B  B  au  dA 

-  =  — -  Cu  ±  0-)  +  (u  ±  a)  —  (u  ±  cr)  =  +  — (15-2) 

Dt  Bt  Bx  A  dx 

where  u  Is  the  gas  velocity,  a  is  the  sound  speed,  cr  is  the  Rlemann  function, 
and  A  Is  the  cross -sectional  area  of  the  gas  layer  at  position  x  in  time  t  . 

(For  the  derivation  and  application  of  these  equations  see,  for  example.  Reference  5, 

6,  7  or  8.)  These  equations  require  a  tedious  numerical  procedure  to  solve,  and  are 
generally  not  suitable  for  hand  computation.  It  is  to  be  noted,  however,  that  the 
quantity  u  ±  cr  ,  In  contrast  to  the  constant  diameter  case,  does  not  remain  constant 
for  disturbances  in  the  transition  section. 

The  second  approach,  and  one  chosen  to  be  employed  here  as  being  more  convenient 
and  a  good  approximation  to  the  actual  situation.  Is  to  assume  the  following;  At  any 
given  time  the  rate  of  change  of  mass  and  energy  within  the  transition  section  is 
negligible  relative  to  the  differences  between  the  exit  and  entrance  fluxes  of  these 
quantities;  thus,  the  changes  due  to  variations  of  time  are  assumed  negligible  relative 
to  those  due  to  the  variations  In  position  within  the  control  volume,  This  assumption 
is  made  clear  by  taking  as  a  control  volume  the  transition  section  as  shown  In  the 
following  sketch. 


and 


(lS-3) 


(15-4) 


Although  it  Is  not  assumed  that  the  flow  within  the  transition  section  is  necessarily  one- 
dlmenslonal,  It  Is  assumed  that  the  flow  at  the  entrance  and  exit  planes  of  the  transition 
section  is  one-dlmenslonal. 
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where  m  and  E  are  the  mass  and  Internal  enerev  In  the  traneitlnn  nentinn.  ny 
our  assumption  above,  the  two  unsteady  terms  on  the  left  hand  sides  of  Equations 
(15-3)  and  (15-4)  are  negligible. 


It  is  to  be  observed  that,  if  the  transition  is  rather  sudden,  the  control  volume 
is  small;  hence,  the  unsteady  terms  on  the  left  of  these  equations  biu.-.-j  proportional 
to  the  magnitudfi  of  the  control  volume,  are  necessarily  small;  thus,  in  the  case  of  a 
sudden  transition,  the  assumption  above  is  automatically  valid. 


With  this  assumption  the  equations  which  are  applicable  to  relate  the  conditions  at 
the  entrance  of  a  transition  section  to  those  at  the  exit  of  the  transition  section  are 
the  quasi -steady  equations  of  continuity  and  energy.  Thus,  at  each  instant  of  time, 
the  applicable  equations  are 


h 


0 


function  of  tine 


(16-6) 


'°o“o^o  ”  '°l“l^l  "  function  of  time 


(16-6) 


Since  the  flow  has  been  assumed  isentroplc,  the  thermodynamic  relation  between 
enthalpy  and  pressure  is 


and 


Equation  (15-6)  becomes 
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hi  -h,  = 


“f  -  “o’ 


(dp/p)  g 

r  ip/p . 
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=  dp/p, 
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(lS-7) 


(15-8) 


(16-9) 


It  is  shown  in  Reference  9  and  may  be  shown  from  Equations  (16-3)  and  (16-4)  that 
the  use  of  the  quasi-steady  flow  equations  to  describe  the  gas  flow  between  the  chamber 
and  barrel  of  the  gun  yields  a  larger  projectile  velocity  than  would  be  yielded  by  the 
use  of  the  actually  applicable  unsteady  equations.  However,  experimental  results 
from  a  chambered  preburned  propellant  gun  by  Selgel  and  Dawson have  demonstrated 
that  the  difference  was  sufficiently  small  as  to  be  unmeasurable.  These  experiments 
were  made  with  a  gun  using  room  temperature  air  at  about  3,000  Ib/ln’  us  a  propellant. 
The  gun  had  a  0.90  In  diameter  barrel  which  could  be  Joined  to  various  chambers  of 
varying  diameter  up  to  3.  6  In.  The  chambers  were  Joined  to  the  barrel  by  means  of  a 
30°  half-angle  taper".  The  projectiles  were  one-gram  plastic  projectiles  which  wore 
sheared  by  the  compressed  air  In  the  chamber.  A  schematic  of  the  gun  system  Is  shown 
In  Figure  8(a).  The  measured  projectile  velocities  were  compared  to  the  theoretically 
predicted  velocities  based  on  the  use  of  the  quasi-steady  equrtlons  above.  (These 
theoretically  predicted  velocities  will  be  dlsoussed  below.)  The  comparison  Is  shown 
in  Figure  8(b).  It  la  observed  from  the  figure  that  the  quasi-steady  flow  approxima¬ 
tion  in  the  transition  section  yields  good  agreement  with  experiment , 

*  The  experimental  results,  based  on  one  test  with  a  90°  half-angle  taper,  seem  not  to  depend 
on  the  magnitude  of  the  angle  of  taper. 
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ThA  fnllnwino  AtiAt.r.h  nhnwn  t.hA  rhArArt.Arl At.l aa  I'HAA'rAfn  fnr  a  nhAinhArAri  PP  nim 


Charaoteriatios  ma^  be  drawn  In  the  transition  section  by  fairing  then  from  the 
known  conditions  at  the  inlet  to  the  known  conditions  at  the  exit.  The  simple  wave 
region  In  the  chamber  for  which  u  +  <r  =  o-j  Is  denoted  by  the  letters  A-B-C  . 

With  EQuatlons  (16-1),  (18-6)  and  (16-8)  and  the  isentroplo  equation  of  state  of 
the  gas,  It  la  possible  to  oaloulate  quantitatively  the  behavior  of  the  projectile 
In  a  preburned  propellant  chambered  gun. 


Section  16 

Demonstration  of  the  Advantage  of  chambrage 
for  the  PP  Gun  with  x^  =  oo 

The  preburned  propellant  guns  to  be  compared  are  a  constant  diameter  gun  and  a 
chambered  gun,  both  having  Infinite  length  chambers.  It  has  been  shown  that,  for  the 
Xg  -  00  constant  diameter  PP  gun,  the  sum  u  -t-  cr  Is  always  equal  to  a  constant  value, 
CTg  .  However,  It  will  be  shown  below  that  for  a  chambered  PP  gun  with  Xg  =  co  ,  the 
sum  of  u  -f  0-  behind  the  projectile  la  greater  than  erg  ;  consequently,  the  projectile 
velocity  is  greater  for  a  chambered  gun  than  for  a  constant  diameter  gun. 

Let  us  examine  a  chambered  PP  gun  with  Xg  =  oo  ,  since  the  chamber  Is  Infinitely 
long,  there  exists  a  simple  wave  region  in  the  chamber.  Hence,  u  +  or  =  ag  In  the 
chamber,  and,  In  particular,  at  the  entrance  to  the  transition  section  position  "o", 

“o  +  “"o  =  “"o  • 

Within  the  transition  section  at  any  time  the  quasi-steady  flow  equation  applies, 
which  becomes  In  the  differential  form 


udu  =  -dp/p 


(16-2) 
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Itie  differential  change  in  u  +  a  in  the  transition  section  is,  from  the  definition 
of  <y  and  from  Eauation  <16-2), 

dp 

d(u  +0-)  =  du  +  do'  =  du  +  — 

ftp 

=  du^l--^^  =  du(l  -  M)  (16-fi) 

where  M  is  the  Mach  number  in  the  transition  section. 

Equation  (16-3)  demonstrites  that  u  +  cr  increasts  in  thi  transition  section, 
since  the  flow  there  is  always  subsonic.  Hence,  at  the  entrance  to  the  barrel,  and 
consequently  at  the  projectile*. 


“p  +  ""p 

Since  cr  is  a  monotonio  function  of  pressure,  the  greater  the  quantity  u  +  cr 
behind  the  projectile,  the  greater  will  be  the  projectile  velocity,  It  is  thus 
concluded  that  the  projectile  velocity  in  a  chambered  =  co  ,  PP  gun  vill  be  greatri 
than  that  in  a  Dq/Dj  =  1,  Xg  =  oo  ,  gun. 


*  The  sane 
apply  in 


result  may  bo  arrived  at  by  examining  the  characteristic  equations  (lS-2)  which 
an  area  change. 
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Up  +  CTp 


This  result  is  true  regardless  of  the  equation  of  state  of  the  gas. 

It  is  noted  that  the  velocity  increase  in  the  transition  section  is 

.  dp 

udu  = - 

P 


(16-5) 


This  is  in  contrast  to  the  expression  for  the  velocity  increase  in  the  constant 
diaaieter,  Xg  =  os  ,  chamber  flow  which  is 

^  dp 

du  - - .  (lS-6) 

ap 

It  is  thus  seen  that  although  a  low  "op”  as  a  function  of  p  is  desirable  for 
the  expansion  In  the  constant  diameter,  Xg  =  oo  ,  chamber,  a  low  "pf'  as  a  function  of 
p  is  desirable  for  the  expansion  in  the  transition  section  of  such  a  gun.  In  the 
case  of  an  ideal  gas,  both  up  and  p  are  Inversely  proportional  to  the  initial 
sound  speed.  Thus,  the  higher  the  initial  sound  speed,  the  greater  will  be  the 
projectile  velocity  in  a  chambered  or  uncharabered  gun.  However,  in  the  case  of  a 
gun  in  which  the  propellant  behavior  is  iion-ideal,  the  performance  is  not  specified 
by  the  initial  sound  speed,  as  will  be  shown  in  Section  63. 
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Section  17 

The  Special  Case  of  the  PP  Gun  with  Infinite  Chanbraae 

If  the  diameter  of  the  chamber  is  infinitely  larje  relative  to  that  of  the  barrel, 
the  riuasl-ateady  equation  of  continuity  yields 

u  =  Eltk  ^  0  .  (17-n 

Therefore,  the  gas  remains  virtually  at  rest  at  the  entrance  to  the  transition 
section  and  its  pressure,  density,  etc. ,  do  not  change  from  their  Initial  values. 

Thus, 


Pc  =  Po 
^0  =  • 

Kquation  (15*9)  for  the  barrel  entry  velocity  becomes 

uj  fPo  dp 

T  =  7  • 


(17-2) 

(17-3) 


(17-4) 


The  unsteady  constant  cross -sectional  area  oharaoteristic  equations  apply  in  the 
barrel,  so  that,  in  particular. 

Up  +  CTp  =  Ui+cTj  .  (17-5) 

Equations  (17-4)  and  (17-5),  with  Newton’s  equation  for  the  projectile  and  the 
equation  of  state  of  the  gas,  are  sufficient  to  determine  the  behavior  in  this  gun. 

The  charaoterlstlOB  diagram  appears  as  sketched. 


In  the  chamber  the  gas  remains  substantially  at  rest  in  its  initial  state,  and  all 
the  oharaoteristic  lines  there  have  a  slope  of  ±  Bq  •  Numerloal  computation  need 
only  be  done  for  the  barrel  section,  and  this  fact  simplifies  such  oomputatlon  for 
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Llio  Uq/uj  -  oi  ,  Pr  Gun.  Ttie  length  of  tho  chamber  tor  tnis  case  has  aDsolutety 
no  influence,  because  by  assuming  infinite  chambrage  an  infinite  quantity  of  propellant 
gas  is  assumed  to  be  In  the  chamber. 

Numerical  results  for  this  infinite  chambrage  case  are  given  below. 


Section  18 

The  General  Equations  for  the  Chambered 
PP  Gun  with  Effectively  Infinite  Length  Chamber 

As  in  the  situation  of  a  gun  with  no  chambrage,  a  gun  with  chambrage  may  have  an 
"effectively  infinite  length  chamber"  (Xg  =  co);  in  that  case  the  chamber  length  Xg 
is  sufficiently  long  that  rarefactions  from  the  back  end  of  the  chamber  do  not  reach 
the  projectile  during  its  travel  in  the  barrel. 


B 


Thus,  in  the  sketch,  0-F-E  represents  the  projectile  path;  the  first  disturbance 
0-A-B  ,  upon  reflection  from  the  back  end,  reaches  the  projectile  at  E  .  The  region 
in  the  chamber  (A-B-C  in  the  x-t  diagram)  where  reflections  have  not  reached  is 
therefore  a  simple  wave  region,  entirely  descrlbable  by  the  equation 

U  +  cr  =  CTg  .  (18-1) 

In  particular,  this  equation  may  be  applied  at  the  entrance  to  the  transition  section, 
so  that 


Ug+o-g  =  CTg  .  (18-2) 

The  conditions  at  (o)  may  be  related  to  those  at  (i)  by  the  quasi-steady  Equations 
(16-6)  and  (15-9). 


OouA)g  =  (puA)^  (18-3) 

S  2 

u: 

-2.+  h.  =  -i.+  h,  .  (18-4) 

2  °  2  ^ 


1 


Hie  oharacterl st-l r.  nnnotinna  anniy  tn  fho  barrel  ssetior.,  vis., 


D(U  ±  Cr) 
Dt 


=  0  . 
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(18-5) 


With  the  assumption  that  the  projectile  la  unopposed  by  frictional  forces  or  gas 
pressure  In  front,  the  projectile  motion  is  described  by  the  equation 


du- 

M— -£  =  A,p. 
dt  ‘  ^ 


(18-6) 


The  equation  of  state  of  the  Isentroplc  expansion  of  the  gas  may  be  expressed  as 
P  =  P(o') 


}  for  the  Isentroplc 


p  =  pM 
h  =  h(a) 
a  =  n(a) 


The  complete  behavior  of  gas  and  projectile  In  an  x^  s  oo  ,  pp  gun  may  be  obtained 
from  Equations  (18-1)  through  (18-7). 


(18-7) 
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As  tine  elapses,  the  slope  of  the  u  -  a  disturbance  linen  at  the  barrel 
entrance  approaches  zero,  l.e.,  the  flow  approaches  the  sonic  (Mach  one)  condition. 

As  seen  in  the  sketch,  the  slope  u  -  a  changes  more  and  more  slowly  as  time  goes 
on  and  the  flow  approaches  sonic;  thus  steady  flow  is  approached  with  increasing  time. 


as  t— >  CD 


Moreover,  it  is  obvious  from  the  x-t  characteristics  diagram  that  the  slope  of 
the  u  -  a  disturbance  coming  from  the  projectile  cannot  be  greater  than  zero  at  the 
barrel  entrance;  If  the  slope  of  the  u  -  a  disturbance  line  would  be  greater  than 
zero  It  would  not  reach  the  barrel  entrance  but  would  travel  away  from  It. 

The  fact  that  at  large  times  the  flow  becomes  steady  and  sonic  In  the  barrel 
entrance  of  an  Xg  =  oo  ,  PP  Qun  Is  often  used  to  approximate  the  flow  at  earlier  times 
(see  Section  25). 


Section  20 

Eauations  for  the  x,  =  ao ,  Chambered  PP  Qun  with  an 
Ideal  das  Propellant 

Por  the  case  of  an  Ideal  propellant  gas  the  sound  speed,  enthalpy,  pressure,  and 
density  are  simply  related  to  the  Rlemann  function  (see  Appendix  I). 


a  = 

(r  -  i)(T/2 

(20-1) 

h  = 

aV('y  -  1)  =  (y  -  Do-Vd 

(20-2) 

p  = 

Pg(o-/<7g)*y/(’'-» 

(20-3) 

P  = 

(20-4) 

With  the  above  relations,  the  general  equations  In  section  18  ior^the  Xg  =  oo  , 
chambered  PP  Qun  may  then  be  expressed  in  terms  of  the  two  Independent  variables,  u 
and  a  ,  as  follows; 

(a)  the  simple  wave  characteristic  equation  relating  the  conditions  of  the  gas  at 
any  point  in  the  chamber  with  the  rest  conditions  at  the  breech 

=  o-g  (20-5) 


U  +  O' 
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(u)  Liiu  uuuvt:  upplieu  uu  tliu  uuimitiuiia  ui  bbti  tit  tuti  eiiurtitice  to 

the  transition  section 


“o  +  ""c  =  ‘^0  (20-6) 

(c)  the  quasi-steady  continuity  and  momentum  equations  relating  conditions  at  the 
entrance  to  those  at  the  exit  of  the  transition  section 

=  Vo/Vi  =  A(,u^/AjUj  (20-7) 

u“/2  +  (7  -  l)o-‘/4  =  uJ/2  +  (7  -  l)o-^/4  (20-8) 

(d)  the  characteristic  equations  in  the  barrel 

D 

—  (u  ±  <r)  =  0  (20-9) 

Dt 

(e)  and  Newton's  equation  for  the  projectile  acceleration 

=  P(,Aj(o-p/crg)  .  (20-10) 

Prom  Equations  (20-6)  through  (20-10),  the  entire  behavior  of  the  gas  and 
projectile  can  be  computed  for  a  PPIQ  ohambered  gun  with  an  effectively  Infinite 
length  chamber.  Ihe  actual  numerical  technique  for  so  doing  Is  outlined  in 
Reference  11,  Discussion  of  the  results  of  numerical  computations  of  these  equations 
Is  given  In  Section  28. 


Section  21 

Obtaining  the  Maximum  Projectile  Velocity  (Escape  Velocity)  for 
the  Chambered  PPIO  Gun  with  an  Xg  =  oo  Chamber 

By  the  use  of  the  equations  presented  In  Section  18.  the  maximum  projectile 
velocity  (which  Is  the  sane  as  the  escape  velocity)  can  be  obtained  as  a  function  of 
the  ratio  of  chamber  diameter  to  barrel  diameter.  In  an  Xg  =  oo  PP  Gun,  the  maximum 
projectile  velocity  Is  attained  by  an  unopposed  projectl.iu  In  the  limit  of  Infinite 
travel  In  the  barrel,  for  then  the  propelling  pressure  bt  >mes  zero.  Although  this 
velocity  is  an  Idealized  limit,  It  Is  Instructive  to  see  the  effect  of  ohambrage  on 
this  limit. 

As  the  projectile  velocity  increases  In  the  chambered  gun  with  infinite  chamber 
length  and  Infinite  barrel  length,  steady  state  conditions  in  the  transition  seotlon 
are  approached,  and  the  velocity  at  the  exit  of  the  transition  section  approaches  the 
local  sonic  velocity*.  When  the  projectile  has  reached  its  maximum  velocity  (the 
escape  velocity),  the  propelling  pressure  behind  the  projectile  will  have  dropped  to 


*  As  pointed  out  in  Section  19,  the  maximum  veloolty  with  which  gas  can  Issue  from  the  chamber 
into  the  barrel  of  a  PP  obambered  gun  with  Xg  ■  oo  is  the  looal  veloolty  of  sound. 
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zero;  at  this  time  steady  state  conditions  will  exist  In  the  transition  section,  and 
the  gas  will  be  flowing  Into  the  barrel  at  sonic  speed. 


Thus,  the  steady  flow  Equations  (18-3)  and  (18-4)  will  exactly  apply,  and.  In 
addition,  the  velocity  at  the  transition  section  can  be  equated  to  the  sonic  velocity 
without  approximation.  Therefore,  for  the  case  of  the  Ideal  gas  propellant,  the 
equations  which  apply  at  this  time  are  the  following; 


Continuity: 

(CTi/cTo) 

2/(y-i) 

”  ^  o'*  0^^  l"  1 

(21-1) 

Energy; 

“o  +  <y  - 

l)cr®/2 

=  uj  +  (7  -  l)a-J/2 

(21-2) 

Sonic  condition; 

"1 

=  “l 

=  (y  -  l)o-i/2  . 

(21-3) 

All  of  the  quantities  In  these  equations  are  for  the  time  when  the  projectile  velocity 
Is  a  maximum. 

As  the  chamber  Is  effectively  infinite  in  length,  Equation  (20*6)  can  be  applied 
to  the  gas  in  the  ohaaber  at  the  entrance  to  the  transition  section  at  this  time. 

“o  +  ^”0  =  •  <21-4) 

To  determine  the  escape  velocity,  the  Impulses  traveling  downstream  from  the  transition 
section  toward  the  projectile  may  be  examined.  For  each  of  these  Impulses  the  quantity 
u  4-  cr  is  a  constant  (by  Equation  (20-9)),  a  different  constant  for  each  impulse, 
equal  to  Uj^  +  ,  since  they  travel  from  the  exit  of  the  transition  section.  When 

the  projectile  is  traveling  at  escape  speed,  the  pressure  of  the  gas  directly  behind 
it  is  zero,  and  hence  the  Riemann  Function  Cp  of  this  gas,  by  Equation  (20-3),  Is 
zero,  Therefore,  at  this  time 


“esc  =  <“  +^)  project  lie  =  "p  +  ^P  =  “l  +  =^1  <21‘«) 


where  Ug,p  is  the  projectile  escape  velocity.  Prom  Equation  (21-3),  the  escape 
velocity  becomes 


7+1  7+1 


(21-6) 


From  Equations  (21-1)  through  (21-6),  the  relation  between  the  escape  velocity 
and  the  ratio  o^  chamber  to  barrel  cross-sectional  area  (or  chamber  to  barrel 
diameter)  can  be  obtained  for  the  infinite  chamber  length  gun. 
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Where  is  defined  as 


7  -  1  u 


esc 

a„ 


(21-7) 


(21-8) 


For  a  propellant  gas  of  7  -  1.4  ,  the  projectile  escape  velocity  is  plotted  in 
Figure  9(a)  as  a  function  of  Dj/Dj  as  calculated  from  Equation  (21-7).  It  is  evident 
from  Equation  (21-7)  that,  a.s  expected,  the  escape  velocity  for  an  infinite  chamber 
length,  constant  diameter  gun  (D/Di  =  1)  is  285/(7-!)  or,  diraensionlessly,  u^gg  =  1  . 
Further,  it  is  seen  that,  as  Dq/D^  approaches  an  infinite  value,  Ugg^  approaches 
the  value  of  (7  +  l)/2,  that  is,  Ugg^  becomes 


u 


eso 


y  +  1  2a5 
■<1  27-1 


(2!-9) 


It  is  noted  that  the  increase  in  escape  speed  between  ohanbrage  and  infinite 


ohamcrage  is 


Au 


eae(«o)  “  “ese(Dg/Dj"i»)  ”  “esolDj/Dj*!) 


(21-10) 


which  in  the  limit  of  7=1,  becomes  equal  to  0. 5  a,  .  Calculation  yields  the 
fact  that  the  increase  in  escape  speed  is  approximtely  equal  to  half  the  initial 
sound  speed  for  all  gases  viith  7  between  5/3  and  1,  Ibis  is  seen  in  the  table. 


7  - 

1 

1.2 

1.4 

1.6 

6/3 

^“oao(co) 

0.  50  ag 

0.49  Sg 

0.48  ag 

0.47  ag 

0.46  ag 

A  plot  of  AUggg  is  plotted  in  Figure  9(b)  versus  (Dj/D^)®,  the  reciprocal  of  the 
area  ratio.  This  plot  is  found  to  be  almost  a  single  straight  line  for  all  7  values 
and  is  easily  committed  to  memory. 

Ihe  increase  of  escape  speed  may  be  made  dimensionless  by  dividing  it  by  the 
inorease  of  esoape  speed  for  infinite  ohambrage.  Itae  resultant  dimensionless  quantity 
is  then  the  percentage  increase  in  escape  speed. 
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A  plot  of  percentage  Increase  in  versus  (D^/Dj)*  for  different  ■/  s  is 

presented  in  Figure  10.  It  is  seen  that  nearly  a  single  curve  for  all  y  values 
represents  this  percentage;  it  is  practically  independent  of  y  , 


Section  22 


Discussion  of  the  Projectile  Velocity  Increase 
In  an  Zg  s  00 ,  ppia  Qun  Due  to  Infinite  Chsabrage 

The  result  of  calculations,  as  outlined  in  Reference  9,  for  the  case  of  a  7  =  1. 4 
ideal  propellant  gas  in  a  gun  with  infinite  ohambrage  is  shown  in  Figure  11;  here, 
projectile  velocity  is  plotted  as  a  function  of  projectile  travel.  On  this  sune 
figure  is  given  the  result  for  an  Zg  =  00  ,  PPXQ  Oun  of  dlaoeter  ratio  one 
(calculated  from  the  analytic  expression  of  Gauatlon  (12-1)). 


From  this  figure  it  may  be  seen  that  the  velocity  increase  due  to  ohambrage  (AUp) 
Increases  with  increasing  travel  and  very  soon  approaches  a  value  equal  to  one  half 
the  initial  sound  speed;  at  infinite  travel  the  difference  is  exactly  the  difference 
in  escape  speeds,  that  is, 


Au 


p 


^'‘eeo(«) 


7  +  1 

-J  2 


^  0. 5  ag 


(22-1) 


for  Xp  =  00  . 

A  plot  is  sketched  of  AUp  versus  Up/Sg  for  the  Dg/D^  =  1  gun  (all  values  at 
each  point  on  the  curve  taken  fbr  the  same  PgAL/MSg). 
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The  velocity  difference  curves  obtained  from  calculations  done  for  other  values  of  y 
appear  similar  to  this  curve  for  the  7=  1.4  propellant  gas. 

It  had  been  previously  noted  that  the  perfomanoe  of  the  =  co ,  constant  diameter 
PPIQ  Qun  depends  essentially  on  the  parameter  ti^ly  (e.g. ,  see  Figure  4).  Iberefore, 
It  Is  reasoned  that  the  various  AUp  curves  for  different  y  values  may  be  brought 
into  near  oolnoldenoe  If  plotted  against  TUp/ag  rather  than  Up/ag  .  This  turns 
out  to  be  the  case,  as  seen  from  Figure  12.  It  Is  noted  from  this  Figure  that  the 
behavior  of  AUp  for  all  the  y  curves  may  be  approximated  as  being  linear  at  low 
values  of  >Vp/ag  and  equal  to  0.6  a,  at  values  of  yUp/Sg  above  about  3.  By  using 
this  approximation  AUp  versus  yUp/Sg  appears  as  shown  in  Figure  13  and  in  the 
following  sketch*. 


t 

nxp 

increase  in 
Up  due  to 
infinite 
chambrage 


0 


It  Is  seen  that  the  effect  of  infinitely  chambering  an  Xg  =  00  ppio  Qun  is  to 
increase  the  projectile  velocity  by  about  ag/2  at  the  mast. 


Charters  (p.80,  Referenoe  86)  disousses  a  similar  approximation. 
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Section  23 

The  Projectile  Veloclt)'  Increase  for  an  Xq  =  m, 

PPIO  Gun  With  Any  Value  of  Cliaiabrace 

From  Figure  9  (or  Eauatinn  (21-7))  the  dianeter  ratio  of  the  PPIQ  Gun  which  will 
yield  an  Increase  In  escape  velocity  midway  between  that  of  the  Dq/D^  =1  gun  and 
the  Dg/D^  ~  00  gun  may  be  obtained.  This  dianeter  ratio  is  found  to  be  approximately 
equal  to  1.5  for  any  y  propellant  gas.  The  calculation  of  projectile  beliavlor  for 
a  Dg/Dj  =1.5  gun  with  a  y  =  1.4  propellant  yields  the  result  shown  In  Figure  14; 
also  shown  In  this  figure  are  the  results  for  a  Dg/Gj  =  1  gun  and  a  Gg/Gj  =  oo  gun. 

It  is  apparent  from  the  curves  of  Figure  14  that  the  velocity  of  the  Dg/G^  =1.6 
gun  is  approximately  half  way  between  the  Gg/D^  =  1  and  Gg/D^  =  co  guns  for  all 
values  of  projectile  travel.  Thus,  the  Gg/G^  =1.5  gun  which  yields  an  Increase 
of  the  escape  velocity  of  60%  Is  seen  to  yield  approximately  an  Increase  of 
projectile  velocity  (AuJ  of  60%  for  all  velocities.  It  Is  thus  postulated  that  the 
curve  of  Figure  9  (or  Fl^re  10),  therefore,  which  applies  to  the  percentage  escape 
velocity  Increase,  may  be  applied  to  the  percentage  velocity  increase  of  an 
Xg  =  00  ,  PPIO  chambered  gun  at  any  projectile  velocity.  Calculation  confirms  this 
postulate.  Figure  10  la  thus  replotted  In  Figure  IS  with  the  ordinate  now  labeled 
as  the  percentage  velocity  increase  due  to  any  value  of  ohambrage  versus  the  gun 
diameter  ratio  squared, 


AUp  =  AUp,[l  -  (D/Dg)*]  .  (23-1) 

With  this  equation  the  plot  of  Figure  13  may  be  transformed  to  yield  the  velocity 
Increase  due  to  any  value  of  ohambrage  at  any  velocity;  this  is  seen  in  the  sketch 
on  the  following  page. 


To  calculftte  the  velocity  of  an  effectively  infinite  length  chambered  gun,  one  need 
only  oalculate  the  velocity  of  a  gun  without  chambrage  and  add  to  this  the  value  of 
AUp  .  Hence,  any  performance  curve  for  an  Xg  =  oo  ,  PPIQ  Oun  with  no  chambrage 
becomes  one  for  a  gun  with  chambrage  If  for  the  projectile  velocity  Up  is 
Bubatituted  Up  -  AUp  * . 

In  this  manner  the  plot  of  Figure  4  haa  been  replotted  in  Figure  16  to  apply  to 
the  case  of  a  PPIO  ohambered  gun  with  an  offeotlvely  Infinite  length  chamber. 


Section  24 


The  Preasore-Velooity  Relation  for  the  Gas  in 
an  Xg  -  00  ,  PPIO  Chambered  Oun 


The  presaure-velooity  relation  for  the  gas  directly  behind  the  projectile  in  a 
PPIO  ohambered,  Xg  =  oo  ,  gun  may  be  obtained  by  reasoning  similar  to  the  above. 
With  the  p-cr  relation  for  tho  ideal  gas.  Equation  (20-3),  the  pressure  behind 
the  projectile  may  be  expressed  In  terms  of  the  u  +  o-  behind  the  projectile. 


'u  +  o-  „  \sr/(7-i) 
^  p  _„P\ 

.  *^0 


which  may  be  rewritten  as 


Po 


1  +  e 


P  \sy/(y-i) 


where  e  is  defined  as 


e 


V^-°'o 


(24-1) 


(24-2) 


(24-3) 


*  Ibifl  approxinatloD  will  yield  projeotlle  velocities  correct  to  within  a  few  percent. 
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For  a  7  =  1  gas,  Equation  (24-1)  becomes 


where  r  is  defined  as 


::  g(r-u/a) 
Po 


+  %  -  ^0 


(24-4) 


(24-5) 


The  sum  Up  +  CTp  is  equal  to  o-g  at  the  start  of  projectile  motion  in  an  Xp  =  oo  , 
PPIG  chambered  gun;  this  sun  approaches  the  escape  speed  at  large  values  of  lirojectlle 
travel  at  which  time  the  gas  velocity  at  the  throat  approaches  sonic  velocity.  A  plot 
of  Up  +  cTp  obtained  from  calculated  results  indicates  a  behavior  which  may  be 
approximated  as  sketched  and  as  shown  in  Figure  17. 


Thus.  Pp/Pp 
Pp/Po 


(1  +  e  -  Up/cTp) beooniBB 


1  -  (Di/D,) 


yup  (y-i)Up 

1.5  ap  2ap  j 


for  yUp/Sp  $  1.5,  and 


Pp/»o 


i  1  + 


y+  1 
<  2  ' 


(y-i)u, 


2b„ 


(24-6) 


(24-7) 


for  yUp/ap  1,6. 

It  is  seen  iron  the  sketch  that  the  approximation  is  made  that  the  gas  flow  becomes 
sonic  at  the  oarrel  entrance  at  a  time  which  corresponds  to  a  projectile  velocity  of 
1.5 


I 


Tf  t.ho  ovnroa«<rtn  propSlliSJ  J?rC22UrC,  CQUMblCM  (21  2), 

with  £  from  Equations  (24-6)  and  (24-7)  may  be  Inserted  Into  Newton’ s  equation  to 
calculate  projectile  velocity  as  a  function  of  travel.  However,  the  velocity-travel 
relation  for  the  =  co  chambered  PPIQ  Uun  Is  more  easily  obtained  as  outlined  In 
Section  23. 


Section  25 

The  Barrel  Entry  Sonic  Approximation  to  Calculate 
the  Projectile  Behavior  In  an  Xg  =  co,  PPIQ  Chambered  Oun 

In  an  Xg  =  oo  ,  PPIQ  chambered  gun,  the  flow  into  the  barrel  approaches  sonic  flow 
with  increasing  time.  However,  for  convenience  In  calculating  the  projectile 
velocity-travel  history,  the  approximation  is  sometimes  made  that  the  flow  is  aZuiays 
sonic  at  the  barrel  entry.  Thus,  the  equation  for  pressure 


P  = 


2a 


0  J 


2y/(y-l) 


becomes 


1  + 


or,  for  the  y  =  1  propellant  gas,  It  becomes 


j—  -‘jo- 


,-isy/(y-i) 


(26-1) 


-^1 

p 

J?P  =  e*-^ 

\  f^oJ 

a  J 

Po 


(26-2) 


It  Is  to  be  noted  that,  when  Equation  (26-1)  Is  used  in  Newton’s  equation  to 
obtain  the  projectile  velocity-travel  relation,  the  result  is  precisely  that  obtained 
for  the  Dg/Dj  =  1  case  (Equation  (12-1))  except  that  for  pg  in  Equation  (12-1) 
one  substitutes 

-JL 

y  - 1 


(26-3) 


and  for  Sg  in  Equation  (12-1)  one  substitutes 


1  + 


2 


-  1  1 - i- 


The  plot  of  Equation  (12-1)  in  Figure  3  or  Figure  4  may  be  applied  to  a  chambered 
gun  by  using  the  substitutions  of  Equation  (26-3). 


J 


4B 
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The  sonic  assumption  above  gives  a  relatively  good  approximation  for  the 
projectile  behavior  in  an  x^  =  oo  ,  PPIO  chambered  gun.  However,  more  accurate 
results  are  easily  obtained,  as  outlined  in  Section  23. 


Section  26 

The  Calculation  of  the  First  Reflected  Disturbance 
in  a  PPIG  Chambered  dun 

The  analysis  above  has  been  for  a  chambered  PP  Qun  having  a  chamber  length  which  is 
effectively  infinite  (x^  =  oc).  Obtaining  the  magnitude  of  the  chamber  length  necessary 
to  be  effectively  infinite  in  a  PPIO  Oun  requires  a  step-by-step  numerical  calculation 
of  the  path  of  the  first  reflected  disturbance.  The  cases  of  Dg/D^  =  1,  1.5,  and  oo 
are  here  first  considered.  The  Dg/D^  =  1  case  has  been  discussed  in  Section  13 
(see  Equation  (13-7))  and  the  results  are  shown  in  Figure  5, 

For  simplicity  in  calculating  the  path  of  the  first  reflected  Impulse  in  the  case 
of  the  chambered  guns,  the  length  of  the  transition  section  between  the  chamber  and 
barrel  is  taken  to  be  zero. 


ABRUPT  TRANSITION 

i/ 

Examination  of  Equations  (17-1),  (17-2),  and  (17-3)  demonstrates  that,  for  the 
infinite  ohambrage  gun  (Dg/D^  =  oo),  the  velocity  of  the  gas  in  the  chamber  section 
is  zero  and  the  pressure,  sound  veloolty,  and  other  gas  conditions  In  the  chamber 
remain  constant  at  their  initial  values.  Thus,  the  disturbances  in  the  chamber 
section  travel  at  the  initial  sound  velocity;  the  time  required  for  the  first  Impulse 
to  travel  from  the  transition  point  to  the  breech  and  back  (point  P  in  the  following 
sketch)  is  equal  to  2xg/ag  . 
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from  numerical  results  of  the  Infinite  chambrage  calculations  previously  referred  to 
can  be  taken  to  correspond  to  the  time  at  P  .  Then  the  velocity  and  position 

Xpjg^  of  the  projectile ‘when  the  first  disturbance  reaches  it  at  Q  can  be  obLaiiied 
from  the  infinite  chambrage  calculation  by  following  the  downstream  impulse  from  P  . 
In  this  manner  paths  of  the  first  reflected  impulses  for  Dj/D^  =  oo  are  obtained. 

The  resultant  Dg/D^  =  oo  plots  are  shown  in  Figures  18  and  19. 

For  the  Dp/D|  =1,5  case,  the  characteristics  equations  can  be  applied  in  the 
chamber  section  (where  u  +  cr  =  a^)  to  obtain  the  path  of  the  first  reflected  impulse. 
Prom  the  points  R  and  S  obtained  in  the  previously  referred  to  Dq/Dj  =1.5 
calculation  on  the  x  =  0  line  (see  following  sketch),  point  T  can  be  calculated; 
from  T  and  U  the  point  V  can  be  calculated,  etc. 


Point  X,  which  specifies  x^  ,  is  the  intersection  of  the  downstream  characteristic 
R-T>V. ,.  and  the  first  upstream  impulse  (of  slope  -2/(7- 1)).  Since  point  Y  on  the 
projectile  path  has  been  calculated  previously,  the  first  reflected  impulse  path  is 
completely  known.  In  this  manner  the  chamber  length  to  be  effectively  infinite 
was  calculated  for  the  diameter  ratio  equal  1.5  case. 

The  results  of  the  three  diameter  ratios  calculations  are  shown  in  Figures  18 
and  19  and  illustrato  that  the  Dq/D^  =  1.5  case  falls  again  appro'xlmately  midway 
between  the  Dg/D^  =  1  and  Dg/D^  =  00  cases;  therefore,  chamber  lengths  necessary 
to  be  effectively  infinite  for  diameter  ratios  other  than  1,  1,6,  or  Infinity 
may  be  calculated  by  interpolating  the  results  of  Figures  18  and  19  as  shown  in  the 
sketch  on  the  following  page  (inverse  area  ratio  interpolation). 


PART  V.  COMPLETE  NUMERICAL  RESULTS  FOR  THE  PROJECTILE 
BEHAVIOR  IN  A  PPIO  CHAMBERED  OUN 

Section  27 

Calculations  by  Means  of  Electronic  Computing  Machines 

The  method  of  characteristics  as  outlined  above  may  be  numerically  applied  to 
calculate  the  performance  of  a  PP  Gun  system.  However,  in  the  cases  where  the 
chamber  is  not  effectively  Infinite  in  length,  hand  calculation  becomes  extremely 
lengthy  and  tedious.  Further,  the  accuracy  of  the  calculated  results  depends  on  the 
spacing  of  the  numerical  points.  The  greater  the  spacing,  the  greater  the  error; 
hand  calculation,  particularly,  does  not  allow  small  spacing  and  thus  calculating  by 
means  of  electronic  computing  machines  offers  great  advantages  relative  to  hand 
calculation.  Not  only  is  much  time  saved,  but  accuracy  may  be  substantially  Increased. 

At  the  present  time  there  are  two  methods  generally  used  by  computing  machines  to 
calculate  the  behavior  of  the  projectile  in  a  gun.  The  first  is  the  method  of 
characteristics ‘ already  discussed.  The  second  method  is  a  Lagranglan  scheme  in 
which  the  gas  is  broken  into  small  layers  to  each  of  which  is  applied  Newton’s  Law. 

Ihe  pressures  acting  are  assumed  to  vary  negligibly  over  a  small  time  Interval  during 
which  the  calculation  is  made  to  determine  the  movement  of  the  sides  of  each  layer. 

The  movement  of  the  sides  of  each  layer  determines  the  new  volume  for  each  layer  and 
therefore  the  new  pressure  for  each  layer. 
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The  process  is  then  repeated  determining  the  motion  of  the  layers  of  gas  under  the 
influence  of  the  newly  calculated  pressures.  The  method  also  has  Incorporated  into  it 
an  ability  to  take  into  account  shocks.  This  scheme  is  based  on  the  method  devised 
by  von  Newmann  and  Richtrayer^*’  The  application  of  this  method  to  two-stage  gun 
calculations  is  described  in  References  14  and  33.  It  is  interesting  to  note  that 
the  method  is  also  applicable  to  the  flow  of  solids  and  liquids  as  well  as  gases; 
moreover,  it  can  be  extended  to  apply  to  unsteady  two-dimensional  problems. 


Section  28 

Numerical  Results  for  the  PPIO  Chambered  Gun 

Calculations  have  been  obtained  by  the  use  of  both  of  the  computing  schemes  outlined 
above.  The  results  may  be  expressed  in  terms  of  dimensionless  plots  similar  to  those 


52 


4  «  r;  “  AM  Wa  4  m  4.AM.A  A^  a4>Wam  44m>am..4  amI  AAA 

W  WA  I  I  *^P  *  ^P  I  41lb^  »./•.>  W  A  <.«V4ftw>A  A  ^  >Jhi> 

variables.  Thus,  a  plot  of  dimensionless  projectile  velocity  versus  projectile  travel 
for  a  given  geometry  (l.e. ,  for  a  given  Du/D^  and  given  G/M*)  has  been  found 
convenient.  The  results  of  computations  made  for  the  US  Naval  Ordnance  Laboratory  at 
the  Naval  Weapons  Laboratory  on  electronic  computing  machines  are  given  for  an  ideal 
gas  propellant  in  a  preburned  propellant  gun  in  a  series  of  figures  (Figure  20  and 
Figure  21).  The  plots  in  Figure  20  present  curves  of 
values  of  G/M  and  a  given  Dg/Pj  and  y  as  shown 


y»o 

in  the 


vs  iCp  for  varying 
following  sketch. 


The  curve  marked  Q/M  =  oo  Is  the  infinite  chamber  length  case. 

These  curves  are  replotted  in  Figure  21  as  Up/a^  vs  p^A^p/Mag  for  varying  values 
of  Dg/Di  and  a  given  0/M  and  y  . 


These  plots  in  Figures  20  and  21  thus  present  the  entire  performance  of  a  projectile 
in  an  ideal  gas  preburned  propellant  gun  with  chambrage. 

It  is  noted  from  the  plots  of  Figure  21  that  for  finite  values  of  0/M  the 
projectile  velocity  curves  for  every  Dg/D^  become  coincident  at  large  values  of 
projectile  travel. 


*  As  pointed  out  previously,  Q/M  is  a  measure  of  the  dimensionless  chamber  length,  Xg  ,  as  seen 
from  the  expression  0/H  ■  yXgAg/A^  ■  (yPgAjXg/MagJCAg/Aj). 
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Thus,  the  projectile  velocity  at  large  travel  is  essentially  a  function  of  G/M  alone, 
and  not  the  chamber  geometry. 


(In  Appendix  P  the  Pidduck-Kent  Special  Solution  to  the  PP  Gun  problem  is  discussed. 
This  solution  has  long  been  thought  to  approach  the  accurate  solution  to  the  PP  Gun 
performance  in  the  limit  of  large  travel.  This  seems  to  be  true,  as  seen. from  a 
comparison  of  the  Special  Solution  to  the  results  computed  by  the  electronic  computing 
machine  in  Figure  21.  It  is  noted  that  the  value  of  velocity  for  a  given  projectile 
travel,  as  obtained  from  the  Special  Solution,  oscillates  about  the  value  computed  by 
the  electronic  computing  machine  and  approaches  the  computed  value  at  large  values  of 
projectile  travel.  The  Special  Solution  yields  an  amazingly  good  approximation  to  the 
performance  of  a  PPIG  gun.) 


PART  VI.  THE  INFLUENCE  OF  OAS  IN  THE  BARREL 
IN  FRONT  OF  THE  PROJECTILE 


Section  29 


Hie  Compression  Phenomenon  and  the  Applicable  Equations 

If  there  is  gas  in  the  barrel  in  front  of  the  projectile,  the  forward  motion  of  the 
projectile  will  be  resisted  by  this  gas.  The  one -dimensional  gas  dynamic  equations 
may  be  used  to  determine  the  retarding  effect  of  this  gas  in  front. 


Because  the  projectile  compresses  the  gas  In  front  of  it  as  It  moves,  compression 
Impulses  are  sent  forward  from  the  projectile  front  end,  each  compression  traveling 
faster  than  the  one  preceding  It*.  Hence,  the  compressions  converge  and  a  shook  forms 
at  some  point  S  ahead  of  the  piston;  this  shook  increases  in  strength  as  the  projectile 
velocity  increases. 


The  coordinates  at  which  the  shockwaves  begin  relative  to  the  projectile  initial 
position  may  be  obtained  analytically  by  the  method  described  in  Reference  15  or  16 
(also  see  Reference  58)  as 


<=8hook  =  2ai/[(7i  +  l)(dUp/dt)in]  (29-1) 

^Bhook  "  ®i*shook  (29-2) 


where  the  subscript  "I”  refers  to  the  initial  state  of  the  gas  in  front  of  the 
projectile  and  (dUp/dt)ln  is  the  initial  projectile  acceleration.  In  practice  for 
high-speed  guns,  and  are  calculated  to  be  relatively  very  small.  Ihe 

shook  forms  almost  immediately  in  front  of  the  projectile,  An  x-t  diagram  is  shown 
in  the  sketch  on  the  following  page. 


*  This  is  true  beoRUse,  as  the  projectile  inoreases  its  velocity,  it  punhes  the  gas  ahead  of  it 
at  an  increasing  velocity,  and  at  the  same  time  it  heats  it  more.  As  a  result  both  the  looal 
gas  velocity  u  and  the  looal  sound  speed  a  are  inoreased,  causing  the  velocity  at  which 
the  oonpresslons  are  sent  forward  from  the  projectile  front  end,  u  a  ,  to  Inorease. 
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In  the  sketch  the  line  A-B-C-D  represents  the  projectile  path.  The  line  A-S 
represents  the  first  compression  disturbance  (which  moves  with  velocity  a^).  The 
shock  path  is  indicated  by  the  line  S-T-M  . 

To  determine  the  projectile  behavior  reauires  the  use  of 

1.  the  unsteady  one-dimensional  characteristics  eauatlons  applied  to  the  propellant 
gas  in  the  region  in  back  of  the  projectile, 

2.  the  unsteady  one-dimensional  characteristics  eauatlons  applied  to  the  gas  in 
front  in  the  region  A-D-M-A  in  front  of  the  projectile,' 

3.  the  shock  equations  applied  across  the  shock, 

4.  Newton’s  equation  applied  to  the  projectile. 


M  ^  ^  A(Pp  -  Pf)  (29-3) 


5> 

^Thus,  a  calculation  Involves  continuous  iteration  and  is  much  better  suited  to  on 
'  electronic  computer  than  a  human  powered  computer.  (Some  details  of  the  procedure  for 
this  calculation  may  be  obtained  from  Reference  5.) 
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Until  the  projectile  experiences  a  disturbance  coming  from  the  shock  (at  B  in 
the  sketch)  the  pressure  in  front  of  the  projectile  is  related  to  the  projectile 
velocity  analytically.  Ulus,  the  region  A-B-B  is  a  simple  wave  region*  for  which 

u  -  O'  =  -  o-j  .  (29-4) 

If  the  gas  in  front  is  considered  an  ideal  gas  then  Equation  (29.4)  nay  be 
transformed  to  an  expression  for  the  pressure  in  front  of  the  projectile  up  to  point  B. 

Pf  =  p^El  +  (yj  -  l)up/2nj  .  (29-5) 

After  point  B  ,  the  pressure  must  be  obtained  by  the  iterative  procedure  referred  to 
above. 


Section  30 

An  Approximation  for  the  Pressure  of  the  Gas  in 
Front  of  the  Projectile 

The  projectile  acceleration  in  guns  very  Quickly  approaches  low  values;  therefore, 
the  disturbances  traveling  back  and  forth  between  the  projectile  and  shock  substantially 
equalize  the  conditions  in  the  gas  so  that  approximately  the  pressure  and  velocity 
behind  the  shock  at  g  directly  behind  the  shock  are  equal  to  those  at  f  directly 
in  front  of  the  projectile. 


t 


'Shock 


The  shock  equations  yield  the  following  relation  for  the  pressure  and  velocity 
behind  the  shock; 


Pg/Pi  = 


1  + 


/u„V  7(7 -tl) 


(30-1) 


*  A  simple  wave  region,  as  mentioned  previously,  ooonrs  next  to  a  region  of  constant  state 
(l.e.,  constant  velocity,  pressure,  eto, ),  In  this  instance  the  gas  In  the  region  R-A-8  Is 
in  a  constant  state  at  Its  original  undisturbed  rest  condition.  The  irreversible  shock 
S-T-M  ,  however,  makes  it  impossible  to  employ  the  obsraoteristlc  eqi'ations  across  the  shock; 
the  region  B-S-M-D-B  is  thus  not  a  simple  wave  region. 
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(Appendix  Q  summarizes  t.he  emmtiono  fnr-  o  shcsk  savins  into  a  gas  at  leoi..  )  Since, 
as  mentioned, 


P,  Pg 


“f  Ug 


(30-2) 


Equation  (30-1)  becomes 


(30-3) 


where  Up  is  the  projectile  velocity;  this  equation  approximates  the  pressure  in 
front  of  the  projectile  during  the  latter  part  of  its  motion  in  the  barrel.  For  large 
values  of  Up/a^  Equation  (30-3)  becomes 


Pi 


+ 


2 


2  \^J 


(30-4) 


In  practice,  for  high  speed  guns  Xgj,oo|(  and  are  calculated  to  be 

relatively  extremely  small;  the  shock  forms  almost  Immediately  in  front  of  the 
projectile  at  the  start  of  motion.  The  process  of  equalizing  the  pressure  and  velocity 
between  the  shock  and  the  projectile  occurs  rapidly;  thus,  Equation  (30-3)  io  a  good 
approximation  for  use  to  obtain  the  pressure  in  front  of  the  projectile.  With  this 
approximation  Newton’s  equation  becomes 


M 


du 

P 

dt 


AtPp  -  Pf(“p)^ 


(30-6) 


The  pressure  behind  the  projectile  Pp  ,  as  discussed  in  previous  sections,  depends 
on  the  geometry  of  the  chamber.  For  an  =  oo  ,  D^/D^  -  1  ,  PPIQ 


P 


p 


2e(, 


(30-6) 


and  Newton’s  equation  may  then  be  integrated  numerically  to  yield  the  projectile 
velocity-travel  history.  For  an  Xg  =  oo  ,  Dg/Dj  >  1  ,  gun  Equation  (24-2)  may  be 
used.  Without  too  much  error  the  sonic  approximation  in  the  barrel  entrance  (Equation 
(24-8))  could  be  applied,  l.e.. 


'’p  = . 

1  + 

/zB-i 

1-.^ 

(r-i)Up 

Po 

k 

V  2 

L 

(30-7) 


and  again  Equation  (29-9)  may  be  numerically  Integriited.  Reference  17  has  done  this 
Integration  for  the  case  Dg/Dj  =  »  . 


In  the  case  Xg  =  oo  ,  a  step-by-step  numerical  solution  of  the  characteristic 
equations  is  required  to  obtain  Pp  as  a  function  of  Up  . 
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aecliuii  3i 

A  Convenient  Approximation  to  Obtain  the  Projectile 
Behavior  With  Pressure  in  Front  of  the  Projectile 

To  avoid  the  tediousness  of  the  numerical  integration  which  is  generally  necessary, 
a  convenient  approximation  for  the  effect  of  the  counterpressure  in  front  of  the 
projectile  has  been  developed  by  Seigel'®.  It  is  hypothesized  that  the  percentage 
velocity  reduction  due  to  the  counterpressure  will  have  approximately  the  same 
functional  relationship  without  regard  to  the  particular  gun.  To  obtain  this 
functional  relationship  the  most  simply  calculated  gun  system  is  chosen,  a  constant 
base  pressure  gun  in  which  the  propelling  pressure  is  maintained  constant  at  a  value 
of  Pj  .  (See  the  following  sketch.) 


The  pressure  in  the  front  is  approximated  from  Equation  (30-4)  as 


Newton's  law  applied  to  the  projectile  becomes 


(31-1) 


M  UpdUp 
A  dXp 


(31-2) 


This  equation  may  be  easily  Integrated  to  give  the  velocity  Up^  for  the  case  of 
counterpressure. 


2a*(Po-Pi) 

ri(yi  +  l)Pi 


_  yi(yi^-0PiAiXp 
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Dividing  Up^  by  the  velocity  of  the  projectile  with  no  gas  in  front  Up^  =  0  , 
where 


one  obtains 


where 


^  (yi  +  l)(r,)P,A,Xp 

- Sij - - 


(31-i; 


(31-6) 


This  equation  then,  derived  for  a  constant  driving  pressure,  by  our  hypothesis 
should  be  true  for  any  aun  no  matter  the  v»ri»t<nn  nt  drivlns  pressure;  it  staLob 
that  the  percentage  change  in  projectile  velocity  due  to  a  counterpressure  is 
essentially  only  a  function  of  the  parameter  y  . 

This  equation  is  plotted  in  Figure  22.  It  is  applicable  until  the  increasing 
pressure  In  the  front  becomes  equal  to  the  decreasing  pressure  In  the  back  (as  will  be 
the  case  for  large  values  of  the  abscissa  y).  At  that  time  p^  =  p^  and  the  velocity 
of  the  projectile  denoted  by  u^  no  longer  Increases. 


(For  an  Xg  =  <»  gun  the  velocity  is  seen  to  be  the  sane  as  the  contact  surface 
velocity  in  a  shocktube  having  initially  Pg  on  one  side  of  the  diaphragm  and  p^ 
on  the  other.  The  method  of  calculating  for  the  Xg  =  oo  is  outlined  In 
Reference  18.)  If  u^^  turns  out  to  be  greater  than  the  value  of  Up  ,  as  obtained 
from  Figure  22,  then  Figure  22  may  be  used.  If  is  less,  Up,  is  then  taken  to 
be  equal  to  u^  ,  and  the  value  of  y  at  which  the  projectile  attains  the  velocity 
u^  Is  obtained  by  superimposing  a  calculated  plot  of  U|g/Up^  =  0  on  Figure  22  as 
shown  in  the  following  sketch.  > 


The  intercept  then  indicates  the  value  of  y  where  p^  =  Pp  and  where  the 
projectile  has  achieved  its  constant,  limiting  velocity. 

The  effect  of  the  gas  pressure  in  front  of  the  projectile,  as  obtained  from 
Figure  22,  has  been  compared  to  the  results  of  numerical  integration  for  an  Xg  =  co  , 
Dg/D^  =  i  ,  gun  by  the  author  and  has  been  found  to  agree  very  well.  It  is  suspected 
that  the  figure  will  apply  to  chambered  guns  of  finite  chamber  lengths  as  well. 
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PART  VII.  THE  RELATION  OP  A  PBPBiJSIHED  PS“PELL.*.KT  CL'M 
TO  A  SHOCKTUBE 


Section  32 

The  Equivalence  of  a  PP  Chin  With  Zero  Mann 
Projectile  to  a  Shocktube 

A  preburned  propellant  gun  In  which  the  barrel  Initially  contains  a  gas  (such  as 
air)  is  very  similar  to  a  shocktube.  As  shown  below,  the  gun  becomes  Identically  the 
shocktube  In  the  limiting  case  when  the  projectile  mass  approaches  zero, 

During  the  course  of  teaching  unsteady  flow  In  the  classroom,  the  author  has 
observed  that  the  logical  process  of  learning  for  the  student  Involves  a  discussion 
of  first  the  gun  and  then  the  shocktube.  After  the  student  understands  the  gas 
dynamics  of  the  PP  gun  with  gas  initially  In  the  barrel,  the  following  sequence  of 
reasoning  Introduces  him  to  the  shocktube. 

A  PP  gun  with  gas  In  front  of  the  projectile  Is  visualized  before  the  projectile 
has  moved,  as  In  the  following  sketch. 


As  the  projectile  Increases  in  velocity,  the  pressure  of  the  propellant  gas  directly 
behind  It  decreases  and  the  pressure  directly  in  front  of  the  projectile  Increases. 


nie  variation  of  these  pressures  with  projectile  velocity,  for  example,  in  the  case 
of  a  Dq/D^  =  1  ,  Xg  =  Ob  ,  PPiQ/gun,  Is  obtained  from  Equation  (30-6)  and 
Equation  (30-3). 
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Pp  =  Po 


1  -  - 

2ft  rt 


Pf  ^  P, 


1  + 


,2j!i£  /T 

*  V‘/  *1 V 


tyi  +  i)Up 
4a, 


(32-1) 


(32-2) 


In  the  case  of  longer  and  longer  barrel  lengths,  the  value  of  the  pressure  behind 
the  projectile  approaches  that  of  the  pressure  In  front  of  the  projectile,  and  the 
projectile  then  reaches  practically  a  constant  velocity,  designated  as  u^'  . 


For  example,  in  the  above  example  a  D^/D^  =  1  ,  x,  =  co  ,  gun  this  velocity  may  be 
calculated  by  equating  pp  to  pj  In  the  equations. 

The  rapidity  with  which  the  velocity  Uj^  Is  approached  by  the  projectile  Is 
evident  from  an  examination  of  Newton’s  equation  for  the  projectile. 

dUp/dt  =  Aj(Pp  -  Pf)/M  .  (32-3) 

For  a  gun  of  given  Dg/D^  and  x^  =  oo  ,  both  Pp  and  p^  ,  and  hence  their 
difference  flp  ,  are  essentially  functions  only  of  the  projectile  velocity*. 


*  This  is  true  regardless  of  the  length  of  Xg  If  the  projectile  uses  approaches  zero.  In 
which  case  reflections  do  not  reach  the  projectile  until  after  the  projectile  Is  sovlng  at 
velocity  . 


\ 


\ 

\ 


1 

\ 
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Thus, 


dt  \ 


AjbpfUp)  -  Dj(Up)]/M 


A,Ap(Up)/M 


(32-4) 


Prom  this  sQuation  It  is  sew  that  at  a  given  projectile  velocity  the  projectile 
acceleration  is  inversely  pA>Dortional  to  the  projectile  mass  M  .  Thus,  the  smaller 
the  mass,  the  more  quickly  tke  projectile  accelerates  to  the  velocity  u^^  . 


Making  M  smaller  may  be  seen  in  the  following  sketch  to  alter  the  oharaoterlstics 
diagram  by  causing  corresponding  events  to  happen  more  quickly. 


The  oharaoterlstlOB  diagram  for  small  M  appears  like  that  for  large  M  except  that 
time  has  been  contracted  (as  if  one  views  the  large  M  diagram  from  far  away). 

The  contraction  oauses  the  u-a  oharaoterlstics  In  the  small  M  case  to  tend  to  come 
from  a  single  point. 

Examining  Newton’s  equation  again  one  conoludes  that  at  any  finite  Ap  other  than 
zero  the  projectile  acceleration  Is  infinite  in  the  limit  of  zero  M  . 


I 
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But  Ap  remains  greater  than  zero  until  the  projectile  velocity  becomes  equal  to  u^  . 


Hence,  the  acceleration  of  an  M  =  0  projectile  Is  infinite  for  an  Instant. 


t 


I 

\ 


kM  a  result,  a  massless  projectile  attains  the  velocity  instantaneously.  When 
U|^  Is  attained,  Ap  becomes  zero.  There  is  then  no  further  change  in  projectile 
velocity. 

The  time  that  is  required  for  a  shook  to  form  in  front  of  a  projectile  is  obtained 
from  Equations  (29*1)  and  (29-2)  as 


^sbook 


_ ^  _ 

7j  +  l  (dUp/dt)i„itj^l 


(32-5) 
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In  this  case  of  a  massless  projectile  it  has  been  demonstrateri  that,  tha  initial 
acceleration  is.  for  one  instant,  infinite.  Hius,  by  Equation  (32-5)  the  shock  forms 
instantaneously  immediately  in  front  of  the  massless  projectile:  the  strength  of  this 
shock  corresponds  in  strength  to  the  projectile  velocity  (gas  velocity)  Uj_  .  ilie 
events  which  took  place  at  different  times  t^  ,  t^  ,  and  tj.  in  the  x-t  sketches 
shown  above  take  place  instantaneously  in  the  massless  projectile  case.  In  the  x-t 
plane  the  shock  and  projectile  paths  are  thus  straight  lines  emanating  from  the  origin 
In  this  situation  the  gun  is  a  shocktube,  the  projectile  becomes  a  demarcation,  known 
as  a  "contact  surface"  or  "interface”  between  the  propellant  gas  and  the  gas  initially 
in  the  barrel  (the  driven  gas).  The  propellant  gas  is  known  as  the  "driver  gas". 


The  u-n  rarefactions  all  originate  at  the  origin  and  are  termed  "centered 
rarefactions". 


As  seen  from  the  captions  under  the  charaoterlstios  diagrams,  the  propellant 
behavior  In  the  shocktube  may  be  described  as  being  "subsonic"  or  "supersonlo", 
depending  on  the  gas  flow  immediately  behind  the  projectile.  (The  slope  of  a 
"u-a"  line  Is  obviously  negative  for  subsonic  flow  and  is  positive  for  supersonlo 
flow.)  Whether  the  gun  be  chambered  or  not,  In  the  limit  of  zero  mass  of  projectile 
the  gun  becomes  a  shocktube  of  the  same  geometry. 


Section  33 

The  Perfonsance  of  a  Shocktube  In  the  Strong  Shock  Case 

To  determine  the  perforaanoe  of  the  shooktube  one  need  only  equate  the  pressure 
behind  the  massless  projectile  to  the  pressure  in  front  and  calculate  u^  ,  the 
Interface  velocity. 

If  the  driven  gas  Is  initially  at  a  very  low  pressure,  it  will  not  offer  too  much 
resistance  to  the  massless  projectile  or  interface.  In  that  case  the  interface  would 


achieve  a  velocity  bli»sui,ljf  ietus  i.han  tne  escape  velocity  Uggg  .  Approximating 
the  interface  as  ,  the  pressure  in  front  of  the  interface,  which  is  that  behind 
the  shock,  may  be  calculated  from  the  shock  Eauation  (32-2). 


P,  _  +  1)  AbboV 

Pi  ■  2  i^aj 


(33-1) 


From  the  shock  relations  it  may  be  shown  that  (see  Appendix  0) 


Pi  7i  -  1 


(33-2) 


for  strong  shocks,  and  so 

PxAa  ^  ^  ^  ^  ^  W-l)  AesoV 

P/Pi  Tj  a*  2  \^ajy 

or 

a*  =  n<yi-i>"e%e/2 


or 


ri(yi  - 1) 


Mach  number  of  gas  in 
front  of  contact  surface. 


(33-3) 

r 


(33-4) 


Thus,  the  Mach  number  behind  the  shock  for  the  strong  shock,  low  ,  case  is  at 
most  /2/[y^(7^-l)]. 


Section  34 

The  Significant  Difference  Betwieen  a  Gun  and  Shooktube 

Since  the  shocktube  is  a  gun  in  the  limit  of  projectile  mass  going  to  zero,  the 
qualitative  conclusions  reached  as  to  performance  of  guns  apply  to  shocktubes;  the 
ohambrage  effects  and  real  gas  effects  are  the  same,  the  orlterin  for  good  performance 
are  the  same.  However,  there  is  a  significant  difference  between  the  gun  and 
shooktube;  namely,  in  the  shooktube  the  equalization  of  the  pressure  between  the 
front  and  back  of  the  Interface  occurs  instantantously;  in  the  gun  the  equalization 
of  pressures  between  the  front  and  back  of  the  projectile  requires  an  infinite  tine. 
This  difference  manifests  itself  as  a  difference  in  the  presaure-veloolty  relation 
for  the  expanding  gas  when  ohambrage  exists. 

In  an  x^  =  oo  ,  PP  Gun  with  no  ohambrage  the  pressure-velocity  relationship  behind 
the  projectile  is  governed  by  the  condition  that  all  disturbances  reaching  the 
projectile  originate  from  the  propellant  gas  at  its  initial  rest  state.  Thus, 
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n  +  cr  =  o-„  f34-n 

or  du  +  dp/ayO  =  0  (34-2) 

applies  to  the  gas  behind  the  projectile  regardless  of  the  fact  that  the  projectile 
is  or  is  not  accelerating.  Ihe  sane  equation  applies  to  the  gas  behind  the  Interface 
of  a  shocktube,  and  hence  the  shocktube  gas  would  be  described  by  the  same  p-u 
relation  as  for  the  propellant  gas  in  the  =  1  gun.  * 


H  L 

up 

1 

-*  t 

Pp 

pp 

t 

PP 


Por  the  chambered  gun,  disturbances  reaching  the  gas  behind  the  projectile  cone 
from  the  exit  of  the  transition  section.  At  this  point  conditions  are  continuously 
changing  with  tine  because  the  projectile  continuously  accelerates  and  continuously 


sends  back  disturbances  to  the  transition  section,  which  is  thus  always  lagging  behind 


Conditions  behind  the  projectile  in  the  gun  are  thus  determined  by  the  two  oharsoteri- 
stlos  equations*  applied  in  the  barrel. 


*  It  la  to  be  noted  that.  In  both  the  gun  and  shocktube  oasea,  the  quaal-Bteady  equation 
udu  *  dp/a/>  X  0  applies.  However,  for  the  ahooktube,  oonditlona  within  the  transition 
aeotldn  are  actually  steady;  for  the  gun  the  equation  la  an  approxlution  for  the  actual 
unsteady  flow. 
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(34-3) 
(34-4) 

In  the  chambered  shocktube,  the  gas  at  the  exit  of  the  transition  section  is  at  a 
constant  state.  Only  the  disturbance  coming  from  the  transition  section  exit  to  the 
projectile  is  required  to  determine  the  p-u  of  the  gas  behind  the  interface;  only 
the  one  differential  equation  for  the  downstream  disturbance 

du  +  dp/a/3  =  0  (34-5) 


.J..  I  /m.  _  /> 

UU  I  **/-'  —  V 

du  -  dp/a/5  =  0 


Is  required. 

This  difference  between  gun  and  shocktube  may  be  seen  by  applying  these  equations 
to  the  situation  in  the  following  sketch. 


U^-o-A  =  Ug-cr,  (84-6) 

Ug  +  o-p  =  Ug  + 

It  Is  seen  .that  the  conditions  at  B  which  determine  those  at  the  projectile  C 
depend  on  those  at  the  projectile  at  some  previous  time  A  .  In  the  case  of  the 
shocktube,  conditions  at  A  and  C  are  Identical. 


Thus  the  M  +  <T  at  the  projectile  in  a  chambered  gun  lags  that  at  the  Interface 
of  a  shocktube;  this  situation  results  In  the  p-u  curve  of  the  shocktube  as  being 
above  that  of  the  gun  as  shown  in  the  following  sketches. 
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The  eignlTlcant  paiaueLcii  whiuii  guverns  now  QuicKIy  the  conditions  in  the  Run 
become  almost  constant  is  the  dimensionless  ratio  p^a^/pga^  ;  this  conclusion  is 
obtained  from  the  expression  for  dimensionless  projectile  acceleration; 


or 

with 


M(dUp/dt)  =  (Pp  -  Pj,)A  , 

S  =  u/o-p 

f  ®  PjAt/Mo-p 


{l  +  e  -  UpP'^ 


(ri-D*  V*!/ 


(34-8) 


The  larger  the  ratio  Pja^/p^a^  ,  the  more  auickly  conditions  In  the  gun  become 
constant  and  the  more  alike  will  be  the  p-u  curves  of  gun  and  shooktube.  (Of  course, 
the  difference  between  the  ahocktube  and  gun  p-u  curves  also  disappears  as  the 
chambrage  becomes  less.) 
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PART  VIII.  THE  APPLICARTI.TTV  ftp  ■the  ISE.'iTSSPIC  THEGnV  TO  UUNS 


Section  35 

Is  the  Gun  Process  Isentropic? 

An  isentropic  process  (l.e. ,  a  reversible  adiabatic  process)  is  one  in  which  the 
effects  of  friction  and  heat  transfer  are  absent.  Isentropioity  requires  that  the 
process  be  Infinitesimally  slow,  that  the  gradients  be  infinitesimally  small.  Since 
the  expansion  process  in  a  gun  is  a  rapid  one  (of  a  few  milliseconds  duration)  one 
could  well  question  the  assumption  that  in  a  gun  the  expansion  is  isentropic.  There 
definitely  exist  gradients  of  temperature,  velocity,  and  pressure  throughout  the 
quickly  expanding  propellant  gas. 

Every  real  process,  of  course,  is  irreversible,  for  the  occurrence  of  a  finite 
process  is  the  oonsequence  of  the  existence  of  finite  gradients.  However,  it  is 
realized  that  the  irreversibilities  associated  with  the  process  of  rapid  expansion 
are  .inherently  smaller  than  those  associated  with  the  process  of  rapid  compression 
or  of  retardation  of  expansion.  This  is  true  because  In  an  expansion  process  the 
gradients  within  the  gas  tend  to  decrease,  whereas  in  the  compression  process  they 
Increase,  resulting  in  turbulence  and  shook.  Thus,  in  the  case  of  a  gas  which  is 
allowed  to  expand  rapidly  from  one  equilibrium  state  to  another,  although  the  entire 
process  Is  foredoomed  to  be  irreversible,  most  of  the  irreversibility  occurs  during 
the  slowing  down  part  of  the  process. 

Thus,  the  question  Is  not  if  the  expansion  process  in  a  gun  Is  Isentropic,  but  to 
what  extent  is  It  non-isentropio?  This  qudry  to  the  present  has  not  been  completely 
answered;  the  answer  requires  both  analytical  and  experimental  considerations. 


Section  36 

Experimental  Results  for  Guns  with  Heated  Propellants 

A  multitude  of  data  has  been  obtained  in  the  laboratory  and  in  the  field  on  the 
performance  of  guns  using  heated  propellants.  Almost  every  laboratory  has  success¬ 
fully  and  in  its  own  individual  manner  fitted  Its  own  experimental  results  to  its  own 
theory.  Thus,  for  example,  ^ood  agreement  between  theory  and  experiment  has  been 
reported  by  AEDC“’ **,  General  Motors**,  Ames  Research  Center*’' Carde*’,  BRL*®, 
NRb^°*,  NOL^*,  and  so  on  (see,  for  example.  Figure  28).  However,  in  almost  all  cases 
comparisons  between  these  gun  experiments  and  theory  lack  the  desired  accuracy  to 
assess  the  validity  of  the  assumption  of  isentropioity.  The  reasons  for  this  lack 
are  the  following; 

(a)  The  initial  conditions  are  usually  not  those  of  a  preburned  propellant  gun 
and  sometimes  are  very  poorly  known. 

(b)  The  amount  of  data  obtained  during  a  firing  Is  Inadequate:  in  most  cases  only 
projectile  velocity  and  chamber  pressure  are  measured. 
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(c)  Usually  the  data  measured  lack  accuracy. 

(d)  Usually  the  propellant  gas  thermodynamic  data  are  not  accurately  known. 

(e)  In  the  case  of  two-stase  guns  the  complexity  relative  Lo  a  single-stage  gun 
makes  the  above  deficiencies  even  more  serious. 

In  sum  total,  these  data  indicate  that  the  isentropic  theory  gives  good  agreement 
with  the  experimental  results  at  lower  velocities;  at  the  higher  velocities  (12,000 
ft/sec  to  36,000  ft/sec)  the  theory  yields  velocities  which  seem  to  be  significantly 
higher  than  the  experimental  velocities. 


Section  37 

Experiments  with  a  Compressed  Gas  Laboratory  Gun  - 
Description  of  the  ERMA 

It  has  only  been  relatively  recently  that  precise  experiments  have  been  performed 
with  guns  in  the  laboratory,  This  has  been  aoconplished  by  using  a  compressed  room 
temperature  gas  as  a  propellant  in  a  carefully  controlled  manner.  An  experimental 
PP  Gun  for  basic  research  (designated  ERMA  for  the  initial  letters  of  the  descriptive 
title  “expansion  rate  measuring  apparatus")  was  conceived  and  used  first  at  the  van  der 
Waals  Laboratory  in  Amsterdam^'  A  copy  of  this  instrument  was  later  Installed 

at  the  Institute  of  Molecular  Physios  at  the  University  of  Marylsnd^^’ 

ERMA  is  a  constant  diameter  steel  gun  of  12.00  1  0.001  mm  diameter.  Hie  assembled 
ERMA  is  shown  in  the  following  eketoh;  the  projectile  holder  is  shown  In  Figure  23. 


oil  for  holder 


The  propellant  gas  (usually  nitrogen)  is  slowly  bled  into  the  chamber  from  a  reservoir 
by  a  control  valve  A  .  The  projectile  holder,  by  means  of  externally  applied  oil 
pressure,  restrains  the  projectile  from  movement  until  the  pressure  Is  at  the  desired 
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level  In  the  chamber.  The  barrel  is  approximately  50  cm  long.  In  the  barrel  are 
ten  small  electrical  contacts  spaced  at  progressively  greater  Intervals  from  the 
initial  projectile  position.  Each  contact  serves  to  measure  projectile  displacement- 
time  by  completing  an  elactrlnal  circuit  when  the  projectile  passes  the  contact.  In 
front  of  the  muzzle  is  a  replaceable  polystyrene  extension  of  a  wave  guide  which 
transmits  the  signal  for  a  microwave  interferometer  system  to  and  from  the  projectile 
as  it  moves;  the  microwave  signal  thus  also  provides  the  displacement-time  history  of 
the  projectile  as  it  moves  in  the  barrel. 

To  initiate  the  movement  of  the  projectile  the  oil  pressure  to  the  projectile 
holder  is  lowered,  releasing  the  projectile.  The  data  measured  during  the  movement 
of  the  projectile  along  the  barrel  is  thus  a  series  of  travel-time  (x-t)  points. 

There  are  ten  points  obtained  from  the  electrical  contacts  and  ISO  x-t  points 
obtained  from  the  microwave  interferometer.  (The  two  methods  of  measurement  are  in 
excellent  agreeraent^^. )  As  the  projectile  leaves  the  barrel,  it  shatters  the  polystyrene 
wave  guide  extension  which  may  be  eplaoed  for  the  next  firing.  The  projectile  itself 
is  caught  undamaged  in  a  column  of  cotton  waste  and  re-used.  Projectile  muzzle 
velocities  varied  from  250  to  350  metres  per  second. 

The  propellant  used  in  ERMA  was  compressed  gas  (usually  nitrogen)  up  to  pressures 
of  3,000  atmospheres  at  room  temperature.  The  pressure  and  temperature  of  the  oompressed 
gas  in  the  chamber  were  precisely  known  (±  1  atm  and  ±  0.05°C,  respectively)  when  the 
projectile  was  released.  The  projectile  mass  and  diameter  are  also  accurately  measured. 
The  position  of  the  projootlle,  as  measured  from  the  150  microwave  data  points,  is 
accurate  to  ±  0.001  cm  for  a  given  time.  An  accurate  knowledge  of  the  Isentroplo  data 
for  the  propellant  gas  was  obtained  from  actual  p-v-t  measurements;  these  data 
permitted  a  calculation  of  the  projectile  behavior  which  could  be  compared  to  the 
experimentally  measured  x-t  points.  Although  most  of  the  experiments  were  performed 
using  a  chamber  of  effectively  Infinite  length,  some  experiments  were  done  with  a 
short  length  chamber. 


Section  38 

The  ERMA  Experimental  Results 

A  typical  result  from  one  of  the  ERMA  experiments  appeared  as  In  the  sketch  on  the 
following  page. 

More  than  200  experiments  were  performed,  and  the  experimentally  obtained  projectile 
travel  was  compared  to  the  travel  as  predicted  from  the  insentropic  theory. 

The  important  result  obtained  from  these  experiments  for  projectile  velocities  of 
the  order  of  the  initial  sound  speeds  was  the  following:  The  experimental  projectile 
behavior  was  close  to  that  predicted  by  the  isentropic  theory;  specifically,  the 
projectile  velocity  woe  from  the  travel-time  measurements  determined  to  be  about  two 
percent  lower  than  Isentropic  theory  would  predict. 

Thus,  for  the  first  time  a  quantitative  determination  of  the  discrepancy  between 
the  Isentroplo  theory  and  experimental  gun  performance  was  made.  (After  correcting 
for  the  two  percent  velocity  discrepancy  by  use  of  a  four  percent  opposing  pressure. 
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tho  predicted  behavior  for  a  firina  with  a  short  ohamber  In  which  reflnniinna 
occurred  was  in  excellent  agreement  with  experiment  (see  Fig. 24  and  Ref. 23). 
Moreover,  the  travel -time  data  obtained  from  the  ERMA  experiment  with  argon  as  a 
propellant  has  been  used  in  an  Inverse  manner  to  calculate  previously  unknown 
isentroplc  gas  dsta‘‘. 


The  discrepancy  of  two  percent  In  velocity,  it  must  be  emphasized,  occurred  for 
the  ease  where  the  projectile  speed  was  of  the  order  of  the  Initial  gas  sound  speed. 
(As  indicated  below,  it  is  believed  that  the  discrepancy  would  increase  with 
increasing  projectile  speed.)  Moreover,  in  the  ERMA  case,  heat  transfer  occurs 
from  the  barrel  walls  to  the  gas,  rather  than  in  the  opposite  direction  as  it  does 
for  the  usual  heated  propellant  gun,  Thus,  heat  transfer  in  ERMA  tends  to  increase 
the  projectile  velocity. 

The  causes  of  the  discrepancy  between  Isentropio  theory  and  experiment  have  as  yet 
huun  completely  resolved.  The  analysis  of  the  ERMA  experiment  indicated  that  the 
.i  panoy  was  a  result  of  the  gas-wall  boundary-layer  friction  and  heat  transfer 
iirujeotile-barrel  friction.  For  the  ERMA  experiments  the  discrepancy  could  be 
iiplHuxiniately  accounted  for  by  assuming  oounterpressure  to  be  acting  on  the  projectile 
equal  to  four  percent  of  the  propelling  pressure. 


Section  39 

Analytical  Considerations  of  the  Effects  of  Non-isentroplcity 

It  is  not  necessary  to  examine  the  small  gas  layers  miorosoopioally  to  determine 
whether  they  may  be  considered  as  isentroploally  changing  their  state  or  not.  It  is 
only  necessary  to  examine  miorosoopioally  the  gradients  existing  within  the  gas. 

From  the  phenomenological  laws  governing  tho  Irreversible  phenomena  caused  by  such 
gradients,  it  is  possible  to  calculate  the  effects  of  the  irreversibilities;  the 
slgnlfioance  of  these  irreversible  effects  nay  be  assessed  by  comparing  them  to  the 
other  changes  occurring  during  the  process. 
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(a)  The  temperature  gradients  between  energy  modes 

The  poanihtllty  exists  that  durina  the  expansion  of  a  propellant  gas  the  energy 
inodes  are  not  In  equilibrium.  However,  calculation  Indicates  that  for  the  types  of 
gas  propellants  and  for  the  densities  and  for  the  expansion  times  Involved  in  guns, 
the  various  energy  modes  (vibrational  electronic,  rotational,  dissociation,  etc.) 
remain  substantially  In  equilibrium  with  the  translational  mode.  There  are  thus  no 
significant  time  lag  effects*. 

(b)  The  viscous  effect  between  gas  layers 

The  force  equation  applied  to  a  layer  of  gas  with  the  viscous  friction  term 
included  is 


3u  3u 
—  +  u  — 
Bt  Bx 


1  Bp  1  4  B  /  Bu\ 
p  3x  p  3  Bx  \  Bx/ 


(39-1) 


For  the  preburned  propellant  gun  the  magnitude  of  each  of  the  various  terms  of 
Equation  (39-1)  may  be  calculated  (with  the  assumption  of  on  Issntroplc  process) . 
It  Is  found  from  computation  that  the  vlsoous  gradient  term  Is  negligible  relative 
to  the  other  terms  in  the  equations.  For  on  actual  experimental  gun  (the  ERMA  gun 
referred  to  In  section  37)  the  following  values  were  calculated: 


4  ^ 

-M'rr-g  =  0.00  x  10’*  ICB/om’ 

\  3  Bx* 


~  =  10  ,  kg/om*  , 

Bx 

Thus,  It  is  seen  that  the  effect  of  the  gas  viscosity  within  the  gas  Is  not  Important, 
(nils  Is  true  even  If  turbulence  existed  within  the  gas.) 


(c)  77te  heat‘transf«r  effect  between  gas  layers 

The  effect  o'f  heat  transferred  from  one  part  of  the  gas  to  another  by  conduction 
con  be  calculated.  The  temperature  change  per  unit  time  at  a  point  within  the  gas 
by  conduction  is 


BT  k  B*T 

Bt  /oCv  * 


(39-2) 


Where  the  conductivity  k  is  assumed  constant,  and  o^  Is  employed  rather  than  Cp  , 
since  the  Isentroplo  process  Is  more  nearly  one  of  constant  volume.  This  temperature 
change  due  to  conduction  has  been  calculated  for  guns  and  has  been  found  to  be 
negligible.  For  example.  In  the  cose  of  on  actual  experimental  gun  (the  ERMA  gun 
referred  to  In  Section  37) 


*  There  are  sose  exceptions,  luoh  ae  the  expansion  of  room  temperature  carbon  dioxide  behind 
a  light  projectile. 


! 
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k  3*T 
pc,  3x* 


A  A  AU  1^/  BOO  * 


For  tha  9  x  10' ’  seconds  of  the  expansion  the  leaperatura  change  was  6  x  10'^  '^C  , 
a  negligible  anount.  (Ihla  conclusion  would  reaaln  true  even  if  turbulence  existed.) 


(d)  The  effect  of  friction  and  convective  heat  transfer  between  the  vails  and  the  gas 

Because  the  propellant  gas  Is  In  motion  relative  to  the  walls  of  the  barrel  and 
oham^r,  a  boundary  layer  la  foned;  this  boundary  layer  is  a  manifestation  of  the 
friction  existing  between  the  moving  gas  and  stationary  walls;  similarly,  because  of 
the  temperature  difference  between  the  walls  and  gas,  a  thermal  boundary  layer  is 
present  (see  following  sketch). 


Although  the  boundary  layer  behavior  in  ahooktubea  has  bean  analysed  rather 
successfully  for  the  gaa  behind  the  shook,  this  Is  not  the  case  for  tha  driver  gas 
region  in  the  shooktube.  Both  for  the  shooktube  and  the  gun,  the  driver  gaa  boundary 
layer  le  completely  unsteady;  analysis  has  therefore  not  been  successful,  The 
transition  Reynolds  numbers  defined  by  local  flow  properties  and  the  tine  a  particle 
has  bean  in  notion  appears  to  be  In  tha  region  of  a  million.  A  review  of  the 
boundary  layer  work  done  in  shooktubaa  is  given  by  Qlass'". 

Williams**  analysed  the  driver  gas  region  of  a  shooktube  on  the  basis  of  an 
''oQUivalent  steady  pipe  flow".  He  assumed  the  flow  to  bo  fully  developed  turbulent 
flow  Immediately  beoause  of  the  large  Reynolds  numbers  attained  by  the  driver  gas 
almost  Inmadlately.  A  similar  analysis  has  been  applied  to  the  propellant  gas  of 
a  gun**.  With  the  assumption  of  a  fully  developed  turbulent  flow  the  effects  of  the 
boundary  layer  are  obtained  In  a  one-dlmenslraal  analysis  by  assuming  tbs  friction 
force  to  be  acting  at  the  wall. 


Friction 

Forom 


The  steady  flow  turbulent  skin  friction  coefficient  is  used;  thus,  the  friction 
force  per  unit  mass  is 
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4  1  2 

P  - - (39-3) 

pDi  2  ^ 

where  the  skin  friction  coefficient  c^  Is  taken  as  for  turbulent  steady  flow 

1 

c,  =  0.049(Reo  . 

To  obtain  the  heat  loss  from  the  gas,  Reynolds  analogy  is  assumed  to  hold.  Thus 


(39-4) 


where  li'  is  the  heat-transfer  coefficient,  Pr  is  the  Prandtl  number  and  Op  is  the 
specific  heat;  the  rate  of  heat  transfer  per  unit  mass  is 


-a  =  •—  ft(T 


raoov  “  '^wall^ 


(39-8) 


GAS  LAYER 


The  entropy  change  due  to  the  friction  and  heat  transfer  is,  by  Equation  (H-9) 
of  Appendix  H, 


T—  =  Pu  +  q 


(39-6) 


The  entropy  change  equation  may  be  used  with  the  charaoterlstlos  equations  of 
Appendix  H  to  obtain  the  behavior  of  the  gas  and  projectile.  In  Reference  26, 
however,  the  entropy  change  was  used  to  calculate  the  behavior  by  use  of  the  von 
Neumann-Riuhtmyer  method  on  an  electronic  computing  machine. 

The  results  of  this  analysis  yield  calculated  projectile  veloolties  that  are  below 
those  obtained  for  the  frlotlonleas,  Istnitroplc  case.  Figure  25,  taken  from 
Reference  26,  gives  some  comparative  results.  It  is  thought  that  this  analysis 
approximates  the  effects  of  heat  transfer  uid  friction  in  guns;  it  is  hoped  that 
future  analyses  will  Improve  the  approximations.  As  indicated  above,  gun  experimental 
results  have  not  separated  the  effects  of  boundary  layer  induced  heat  transfer  and 
friction  from  that  of  barrel  erosion  and  projectile  friction.  Swift*"  reports  some 
experimental  and  analytical  results  on  convective  heat  losses  in  guns. 

As  indicated  above,  boundary  layer  losses  increase  with  increasing  velocity  (see 
Equation  (39-3));  these  losses  reduce  the  propelling  pressure  behind  the  projectile. 
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When  the  propelling  force  drops  to  a  value  equal  to  the  bore  friction,  no  further 
acceleration  will  occur.  Experience  with  existing  light  gas  guns  indicates  that  this 
point  occurs  probably  between  200  and  400  calibers.  However,  by  effecting  a  constant 
base  pressure,  as  discussed  in  Part  X,  the  number  of  calibers  would  be  increased. 


(e)  Heat  loss  by  Radiation 

The  heat  loss  by  radiation  from  the  propellant  gas  in  guns  is  generally  negligible. 
Ihls  conclusion  may  be  reached  by  calculating  the  radiation  heat  loss  with  the 
assumption  that  the  gas  radiates  like  a  black  body.  Such  an  assumption  will  yield  the 
maximum  radiative  heat  loss*. 

With  the  assumption  of  a  black  body,  the  radiated  energy  Q  becomes 

ft  =  KTVAtlAg  (39-7) 

where  K  Is  the  Stefnn-Boltzmann  constant.  At  is  the  time  interval  during  which 
radiation  occurs,  and  A,  is  the  surface  area  of  the  ra.dlating  gas;  the  temperature 
of  the  wall  has  been  assumed  negligible  in  this  expression,  Die  radiated  energy 
transferred  from  the  propellant  gas  may  be  set  equal  to  the  energy  change  of  the  gas. 
Thus, 


ft  =  nOyAT  (39-8) 

where  n  is  the  number  of  moles,  o^  the  average  specific  heat,  and  AT  Is  the 
average  temperature  drop  of  the  propellant  gas.  Prom  Equations  (36-7)  and  (36-8) 
the  temperature  change  of  the  propellant  gas  becomes 


AT 


KT‘*(At)Ag 


no„ 


(39-9) 


Inserting  nunerloal  values  appropriate  to  high-speed  guns  into  Equation  (36-9) 
results  in  a  calculated  temperature  drop  At  which  is  negligible,  Por  example,  let 
us  consider  the  case  of  a  two-stage  gun  when  the  pump  tube  piston  has  compressed  the 
hydrogen  propellant  to  the  peak  values  of  temperature  and  pressure  indicated  below; 


p  =  300,000  Ib/in* 
T  =  6000°K 
v  =  6800  cm’ 


*  An  exact  calculation  la  almost  impossible  to  make  because,  in  general,  the  values  of 
emlsslvlty  for  propellant  gases  are  unknown. 
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A.  =  1500  cm® 
n  =  250  moles 
Cy  =  8  cal/mole°K  . 

With  K  equal  to  1.36  x  10’*®  oal/om®  sec(°K)''  the  temperature  drop  for  a  period  of 
two  millisecondB  (At)  is 

At  ~  3°K  . 

This  is  a  negligible  drop  in  propellant  gas  temperature. 

Experimental  and  theoretical  results  obtained  for  the  reservoirs  of  hot  shot  wind 
tunnels  at  AEDC^®  confirm  the  above  conclusions:  the  radiative  heat  losses  are 
negligible  during  the  time  of  Interest  for  the  conditions  of  temperature  and  density 
existing  in  a  PP  gun  or  in  a-  two-stuge  gun. 

(f)  Projectile-barrel  friction 

The  discussion  will  be  restricted  to  smoothbore  guns.  The  effect  of  projectile- 
barrel  friction  is  evident  from  experience  with  light  gas  guns,  This  experience 
indicates  that  when  the  barrel  is  greater  than  200  to  400  calibers  in  length,  the 
projectile  may  actually  decrease  in  velocity.  There  is  hardly  any  experimental  data 
on  the  magnitude  of  the  bore  friction  Itself. 

Some  Information  may  be  obtained  from  the  results  of  the  ERMA  experiments.  These 
experiments  were  In  general,  done  with  well-machined  cylindrical  projectiles 
(12.148  i  O.OOOS  mm)  In  a  well-maohlned  barrel  (12.186  ±  0.001  mm),  The  experiments 
Indicate  that,  by  changing  projectile  materials  and  projectile  lubricants,  the 
discrepancy  between  Isentropic  theory  uid  experiment  may  be  somewhat  changed,  Definite 
evidence  of  projectile  friction  was  noted  either  by  loss  of  weight  of  bronse  projectiles 
or  by  gradual  increase  of  barrel  diameter  with  hardened  steel  projectiles.  The 
accuracy  with  which  steel  projectile  diameters  were  made  seemed  to  have  no  effect  on 
the  discrepancy.  (One  group  of  projectile  dlemetcrs  was  machined  to  ±  0.0002  hm; 
the  other,  to  ±  0.0015  mm.) 

The  closeness  of  fit  between  projectile  and  barrel  made  no  difference  In  the 
discrepancy.  (Projectile  diameters  varied  between  12.146  and  12.159  mm  In  a  barrel 
of  diameter  12, 166  mm) 

It  was,  however,  found  that  the  discrepancy  between  isentropic  theory  end 
experiment  could  be  significantly  reduced  by  decreasing  the  rubbing  area  of  the 
projectile.  This  was  done  by  machining  a  projectile  of  unlfcim  diameter  to  form  a 
projectile  with  a  waist  in  the  center  md  two  rings  of  oontaot.  This  decrease  in 
rubbing  area  of  about  50  percent  resulted  in  u  decrease  In  velocity  discrepancy  from 
2.4%  to  1.6%  (see  sketoh  on  the  following  page).  One  oould  extrapolate  thla 
result  to  zero  rubbing  area  and  oonolude  that  with  projectile  friction  absent  the 
velocity  loss  would  be  0.8%  or  about  1%.  One  oould  thus  ascribe  half  of  the  2% 
velocity  discrepancy  in  the  ERMA  case  to  projeotlle-barrel  friction,  the  other  half 
to  boundary  layer.  At  the  present  state  of  ignorance  on  the  role  of  bore  friction, 
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theory 


It  Is  probably  as  good  bs  any  method  of  acoountlng  for  It  by  assuming  a  counter 
frictional  pressure  proportional  to  the  propelling  pressure. 


^  Pp 


f  taken  as  a 
constant 


Bore  Friction 


For  very  smooth  bores  a  value  of  2%  (whloh  results  In  a  1%  velocity  decrement)  Is 
recommended  for  this  percentage.  One  certainly  Is  left  with  an  unsatisfactory  feeling 
about  the  ability  to  calculate  projectile  friction  for  a  given  gun.  What  Is  required 
are  more  BRMA-type  experiments  combined  with  more  sophisticated  boundary  layer 
analyses. 


Section  40 

Conclusions  as  to  Methods  of  Accounting  for 
Boundary  Layer  and  Projectile  Friction 

The  relatively  careful  study  done  In  the  ERMA  experiments  Indloatss  that  the 
isentroplo  theory  predicts  a  projectile  velocity  whloh  Is  about  2%  higher  than 
achieved  experimentally.  In  this  study  the  propellant  was  Initially  at  room 
temperature;  the  steel  projectile  was  carefully  machined;  the  projectile  velocity 
was  of  the  order  of  .".he  gas  Initial  sound  speed. 


79 


I 


However,  as  described  above,  experimental  results  for  guns  using  high  temperature 
1  1  ffht  flrA.RAA  flrincr  nrn^or*^‘^^oa  Kofujaon  10  rtnri  f  t  ^ESC  End  30  000  ft  ^ECC  IndicatC  Zi 
larger  discrepancy  between  the  experimental  results  and  the  Isentropio  theory.  This 
discrepancy  seems  to  increase  with  increasing  projectile  velocity.  One  universal 
difficulty  in  calculation  is  that  the  initial  conditions  for  the  experiment  are  not 
well  known;  in  most  cases  the  isentropic  equation  for  the  expanding  propellant  gas  is 
also  not  well  known. 


Experimental  and  theoretical  results  indicate  that  the  discrepancy  is  a  result  of 
boundary  layer  effects  and  projectile  friction.  However,  at  the  present  time,  the 
validity  of  the  methods  being  employed  to  account  for  these  effects  has  not  been 
satisfactorily  demonstrated.  ,  It  is  for  this  reason  that  an  approach  based  on  dimension 
less  analyses  is  suggested  in  Reference  18.  If  one  analyzes  the  effects  of  the 
irreversibilities  on  projectile  velocity,  it  is  concluded  that  the  ratio  of  projectile 
velocity  with  frictional  effects  (boundary  layer  and  projectile  friction)  Up^  to  that 
without  frictional  effects  is  mainly  a  function  of 

“Pf.0  V 

with  other  dimensionless  parameters  such  as  Re,vnolds  number,  etc.,  being  considered 
ni»t'  essentlilly  important.  (The  effect  of  y  ,  it  is  noted,  is  accounted  for  by 
Inoorporstln'g  it  into  the  Quantity  Up/^^o  '  parameter  found  to  be  significant  in 
Section  12  for  determining  theoretical  PP  dun  velocities.) 


Based  on  the  experimental  results  with  high  velocity  guns  at  the  US  Naval  Ordnance 
Laboratory,  a  curve  of  Upf/Upfuj  has  been  plotted  versus  yUp/a^  and  is  shown  in 
Figure  26  and  in  the  following  smeh. 


These  experimental  results  were  obtained  from  single  stage  Hj-Oj-He  propellant  guns 
and  two-stage  hydrogen  guns;  sizes  of  these  guns  varied  from  0.22  in  bore  diameter  to 
4  in  bore  diameter;  actual  velocities,  from  10,000  to  23,000  ft/sec.  Tentatively,  it  is 
proposed  that  this  plot  bo  employed  to  take  account  of  the  frictional  and  heat- 
transfer  effects  until  more  careful  theoretical -experimental  studies  better  define 
these  effects.  It  is  to  be  noted  in  Figure  26  that  below  yu^a,  of  1)^  the  friction 
effects  appear  to  be  not  Important,  Above  this  value  of  yUp/Sg  these  effects 
become  more  and  more  significant.  The  plot  of  Figure  26  demonstrates  again  the  desira¬ 
bility  of  a  high  sound  speed  which  is  seen  to  cause  the  frictional  effects  to  be  small 
relative  to  the  inertia  effects  in  a  high-speed  gun. 
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;X.  METHODS  OF  HEATING  THE  PROPELLANT 
Sflctlon  41 

Use  of  the  Heat  of  a  Chemical  Reaction 

It  has  been  previously  demonstrated  that  th3  basic  property  of  a  propellant  required 
for  high  projectile  velocity  is  a  low  acoustic  inertia;  in  the  case  of  an  ideal  gas 
(a  reasonable  approximation  in  most  cases)  this  is  equivalent  to  a  high  initial  tem¬ 
perature  and  low  molecular  weight  (or  a  high  Initial  sound  speed).  In  practice,  the 
need  for  a  low  molecular  weight  propellant  is  satisfied  by  using  helium  or  hydrogen. 
There  are  a  number  of  ways  to  Increase  the  propellant  gas  temperature.  One  method  of 
heating  the  propellant  gas  is  to  use  the  heat  produced  by  a  chemical  reaction.  Often 
used  is  the  reaction  of  hydrogen  and  oxygen.  Thus,  the  propellant  becomes  a  steam- 
heated  hydrogen  or  helium  propellant. 

The  conditions  after  heat  addition  of  the  steam-heated  hydrogen  or  helium  propellant 
may  be  calculated  as  accurately  as  desired.  (Such  calculations  have  been  done  by 
Benoit^®’.)  A  commonly  used  reaction  is  the  following: 

8  He  +  3  Hj  +  Oj  -*  8  He  +  Hj  I-  2  HjO  +  heat  , 

The  resultant  propellant  mixture  has  a  molecular  weight  of  6.S,  a  temperature  around 
2700°K  and  a  sound  speed  of  7000  ft/sec.  The  resultant  pressure  is  about  seven  times 
the  initial  loading  pressure.  The  average  value  of  y  to  be  used  during  expansion 
is  about  1.45.  As  seen  from  these  values,  the  sound  speed  is  low  relative  to  the  value 
for  a  pure  hydrogen  or  helium  propellant  at  a  temperature  of  2700°K. 

Moreover,  the  possibility  of  detonation  occurring  is  present  when  using  and 
Oj  to  heat  the  hydrogen  or  helium  propellant.  Experience  at  the  US  Naval  ordnance 
Laboratory  indicates  that  detonation  may  be  prevented  in  chambers  of  diameter  less  than 
about  4  in  if  the  gases  are  well  mixed,  the  ignition  is  accomplished  simultaneously  at 
many  points,  and  the  reaction  is  allowed  to  go  to  completion  before  the  diaphragm  is 
ruptured.  However,  for  chambers  above  6  in  in  diameter  at  initial  pressures  of  the  room 
temperature  mixture  above  6000  Ib/ln^  detonations  will  aimost  always  occur. 

Because  of  the  possibility  of  detonation  and  the  relatively  low  sound  speed  attained, 
hydrogen-oxygen  to  heat  chemically  the  propellant  is  not  widely  used.  Other  disadvan¬ 
tages  are  the  amount  and  pressure  capability  of  the  gas  handling  equipment  required 
and  the  necessity  to  provide  ignition,  one  advantage  is  that  the  chamber  to  be  used 
may  be  relatively  small.  The  use  of  other  chemicals  (e.g.,  compounds  of  aluminium  and 
oxygen)  to  heat  has  not  been  very  successful.  The  maximum  velocities  attained  in 
Hj  ,  Oj  ,  He  Buns  are  around  13,000  ft/sec.  Reference  61  describes  the  performance 
of  such  a  gun.  See  also  References  87  and  90. 


Section  42 

Use  of  Electrical  Arc  Heating 

Heating  hydrogen  by  means  of  an  arc  discharge  has  been  done  in  a  number  of 
laboratories,  For  example,  see  Reference  82,  At  high  impute  of  electrical  energy, 
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the  experimental  projectile  velocities  are  less  than  theoretically  nrurtirto.j  if  ^  = 
speculated  that  the  hydrogen  gas  propellant  is  contaminated  by  metallic  electrode 
particles,  thus  increasing  the  molecular  weight  of  the  hydrogen  propellant  (see 
Reference  79).  Tbe  maximum  velocities  attained  in  arc  heated  guns  are  around  18,000 
ft/sec.  At  the  present  time  such  guns  are  not  attractive  for  producing  high  velocity, 


Section  43 
Shock  Heating 

Heating  hydrogen,  helium,  or  steam-heated  helium  by  means  of  a  shockwave  has  been 
attempted  (see  for  example,  References  27,  28,  end  117  for  experimental  and  analytical 
results).  The  shockwave  is  generated  by  a  propellant  in  a  chamber  attached  to  the 
back  of  the  gun  (see  following  sketch). 


Results  at  the  US  Naval  Ordnance  Laboratory  with  such  a  gun  Indioated  that  the 
projectile  velocities  were  25  to  36%  below  those  theoretioally  predicted.  It  was 
concluded  that  the  shook  was  not  well  formed,  and  that  a  light  piston  separating 
the  H,  from  the  H^O  and  He  would  be  desirable. 

Such  a  gun  using  a  light  piston  to  separate  a  driver  from  the  shock-heated  helium 
was  used*®  at  Ames  Research  Center,  NASA.  This  gun  is  shown  in  the  following  sketch. 


900  gram  197  ProjecHle 
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The  liiuuzile  vclueily  ubtained  oy  tne  b  gram  projectile  with  the  Initial 
conditions  illustrated  above  was  22,670  ft/sec.  This  type  of  gun  is  relatively 
simple  to  operate  and  need  not  be  expensive. 

Since  the  propellant  gas  is  shock-heated,  a  smaller  compression  ratio  Is  required 
by  the  shock-heated  gun  than  by  a  gun  using  a  heavy  piston  to  isontropically  compress 
the  propellant  gas.  Consequently,  the  shock-heated  propellant  gun  may  be  smaller 
in  length  than  a  gun  using  Isentroplc  compression.  However,  the  shock-heated  gun 
will,  because  of  the  low  inertia  of  the  light  piston,  not  maintain  the  propellant  gas 
pressure  for  as  long  a  time  as  for  the  heavy  piston  Isentroplc  compression  gun. 
Moreover,  the  light  piston  is  not  an  efficient  heater  of  the  propellant  gas,  as 
pointed  out  by  Lemke’°  and  Baker Increasing  the  piston  velocity  does  not  produce 
a  significantly  higher  peak  temperature,  because  the  higher  piston  velocity  requires 
a  higher  initial  pressure  to  limit  the  peak  pressure.  Experimental  results  confirm 
the  fact  that  the  light  piston  shock-heated  gun  produces  lower  projectile  velocities 
than  the  heavy  piston  Isentroplc  compression  gun.  The  two  stage  piston  gun  is 
discussed  below. 


Section  44 

Itie  TwO'Stage  Oun  -  Qeneral  Description 

The  first  successful  light  gas  gun  was  developed  by  the  New  Mexico  School  of  Mines 
around  1948  (see  References  29,  88,  and  89).  Hydrogen  was  used  to  propel  light 
spheres  at  velocities  up  to  14,000  ft/seo.  The  hydrogen  was  compressed  and  heated 
by  a  single  stroke  piston  driven  by  a  gunpowder  propellant.  The  barrels  used  were 
0.26  In  and  0.38  in  diameter. 


Piston 


PUMP  TUBE 


It  was  thought  that  the  compression  ratio  required  by  such  a  piston  ocir'r’^'^sed 
hydrogen  gun  would  make  the  chamber  Impraotioally  large  for  guns  with  above 

the  20  mm  size.  Thus,  for  a  number  of  years  guns  using  other  mei.iHii  .'i  >  >  >>  'nting  the 
propellant  were  used. 

Experience  through  the  years,  however  has  demonstrated  that  to  dM't  '  tw  only 
successful  method  of  attaining  projectile  velocities  above  20,000  f  ' /•'  '<;  is  to  use 
the  original  concept  of  the  New  Mexico  School  of  Mines  gun,  the  conr;ipu  of  heating  a 
light  gas  by  means  of  piston  compression.  Today’s  so-called  "two-stage”  guns  use 
this  concept. 
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Thft  RRmiATICA  nf  ftVAntm  nrr>lirrinir  in  a  fwn-afoao  wnn  ia  ill'.i.st?  ’'  ‘irn  27. 

Initially,  the  pressure  of  the  back  chamber  gas  is  high  reluLn  ■  :,r  pressure 
Pj  of  the  pump  tube  (front  chamber)  gas  (hydrogen  or  helium).  In  opeiuLiDn  the  high 
pressure  gas  in  the  chamber  ruptures  the  diaphragm  “A”  and  then  pushes  the  piston  of 
mass  M  into  the  gas  in  the  pump  tube,  heating  it  and  compressing  it;  this  heating 
and  compression  is  effected,  generally,  by  shockwaves*  which  travel  back  and  forth  in 
the  hydrogen  (or  helium)  between  the  piston  and  projectile.  When  the  pressure  In  the 
pump  tube  reaches  a  sufficiently  high  value,  the  diaphragm  "B’’  separating  the  pump 
tube  from  the  barrel  ruptures,  and  the  projectile  is  propelled  along  the  barrel  hy  the 
gas  in  the  pump  tube.  Uie  shocks  which  exist  in  the  hydrogen  (or  helium)  may  travel  to 
and  be  reflected  from  the  projectile. 

It  is  possible  by  this  method  to  obtain  much  higher  sound  speeds  in  the  compressed 
gas  In  the  pump  tube  than  could  be  achieved  in  the  propellant  gas  In  a  single  chamber 
by  heating  it  chemically  or  electrically.  Thus,  the  gas  in  the  pump  tube  roaches  a 
higher  value  of  sound  speed  than  the  value  of  sound  speed  a^  in  the  chamber.  Of 
course,  all  the  energy  Imparted  to  the  gas  in  the  pump  tube  comes  from  the  gas  In  the 
back  chamber;  the  piston  provides  an  efficient  means  to  transfer  this  energy;  its 
Inertia  makes  it  possible  to  compress  the  gas  in  front  to  very  high  internal  energies 
at  the  expense  of  the  internal  energy  of  the  gas  in  the  back  of  the  piston. 

The  two-stage  gun  not  only  affords  a  method  of  heating  the  propellant  gas,  but  also 
of  maintaining  the  pressure  at  a  constant  value  directly  behind  the  projectile,  To 
so  maintain  the  pressure  constant  behind  the  projectile  requires  that  the  pressure  in 
the  pump  tube  increase  with  time  at  a  specified  rate.  Thus,  the  proper  movement  of 
the  piston  in  the  two-stage  gun  may  affect  this  rate. 


The  application  of  the  two-stage  gun  to  maintain  the  propelling  pressure  constant  was 
suggested  by  Curtis’*  and  independently  by  Wilenlus*’  and  Winkler”;  it  is  discussed 
in  Part  X,  '"Ihe  Constant  Base  Pressure  Gun”, 


•  The  strength  of  the  shocks  depends  on  the  magnitude  of  the  piston  speed;  light  pistons, 
traveling  at  high  speeds,  produce  strong  shooks;  heavy  pistons,  traveling  at  low  speeds, 
produce  weak  shooks.  (The  magnitude  of  the  piston  speed  is  taken  relative  to  the  sound 
speed  of  the  gas  in  front  of  the  piston.) 
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Section  4S 

The  Two-stage  Gun  -  Approximate  Calculation  Method 

To  calculate  by  hand  the  events  which  occur  in  such  a  gun  is  a  terilniifl,  Impractical 
task.  The  occurrence  of  shocks  complicates  the  calculation  considerably.  Ihe 
methods  outlined  previously  In  this  monograph  may  be  applied  to  the  calculation  as 
indicated  in  the  following  sketches.* 


Quasi  -  Steady 
Equations 


Shock  Equations 

n./ 


D  (u  ±  <t) 


BEFORE  PROJECTILE  RELEASE 


D  (u±<r) 


Shock  Equations 


mm. 


Quasi  -  Steady  Equations 
AFTER  PROJECTILE  RELEASE 


Friction 

Correction 


To  simplify  the  oaloulatlon  for  hand  computation,  the  following  approximate 
method  of  analysis  has  been  advantageously  used  for  either  a  light  piston  (shook 
compression)  or  a  heavy  piston  (Isentroplo  compression)  gunt. 


*  It  is  assumed  that  the  back  chamber  contains  a  preburned  propellant.  If,  however,  powder 
propellant  Is  used,  conventional  ballistic  methods  (see,  for  example  Reference  30)  may  be 
employed  to  calculate  the  pressure  behind  the  piston.  For  a  more  exact  analysla  of  a  gun 
with  a  burning  propellant,  see  Oarrlere^. 

t  Cue  should  note  References  17  and  78  through  83,  where  approximate  analyses  are  presented 
for  a  two-stage  gun  system.  Also  see  Reference  117  for  the  shock-heated  case. 
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(a)  the  initial  phase  of  the  motion  of  the  piston  may  be  calculated  by  applying 
the  results  for  the  preburned  propellant  gun  performance  (e, g. ,  Figure  21)  to  the 
piston  and  accounting  for  the  propellant  gas  in  front  (Pig.  22). 


(b)  The  piston  position  y,  ,  velocity  v,  ,  when  the  reflected  shook  has  traveled 
back  to  the  piston  can  be  calculated,  as  cui  the  conditions  in  front  of  the  piston, 
by  using  the  V-y  curve  and  the  shock  eaustlons.  (Bee  Appendix  Q). 


(0)  Since  at  this  tine  the  velocity  of  the  gss  in  state  3  is  zero  (and  thus  the 
gas  kinetic  energy  is  zero),  it  is  convenient  to  apply  the  first  law  of  thermodynaalos 
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first  law  Is  applied  between  the  state  existing  in  diagram  C  of  Figure  27 
(tine  tg)  and  any  subsequent  state  (say,  state  4)  of  the  system  until  the 
projectile  is  released,  several  simplifying  assumptions  are  made; 

(1)  The  gas  in  front  changes  state  isentroplcally  after  t^  (see  previous 
footnote*). 

(11)  The  kinetic  energy  of  the  gas  at  any  time  after  t^  is  equal  to  QvVs  . 
(Hi)  The  work  due  to  the  pressure  behind  the  piston  is  negligible. 


Assumption  (1)  is  a  good  approximation  because  the  irreversibility  association 
with  the  second  and  third  shock  reflections  is  small,  as  may  be  calculated  by 
the  methods  of  Reference  32.  Assumption  (il)  is  deduced  from  the  approximation 
of  a  linear  velocity  distribution  which  is  valid' for  low  gas  velooltles  (see 
Appendix  P).  Assumption  (Hi)  agrees  well  with  numerical  results  from  electronic 
computing  machines  (see  Figure  28).  ^ 


V 


4 


P,L'i[  -  PjL'J 


Isentroplo 

Equations; 


yi 
(Pu/Ps)  ’’ 


T,/T, 


From  these  three  equations,  the  three  unknowns  T^  ,  ,  and  may  be  obtained, 
the  state  4  being  at  any  time  subsequent  to  time  t^  but  before  the  projectile  has 
been  released. 


(d)  The  next  phase  of  the  calculation  is  for  the  time  period  after  projectile  release. 
It  is  assumed  for  simplicity  that  sonic  flow  exists  in  the  barrel  entrance.  The 
piston  motion  is  determined  with  the  aid  of  Newton's  equation  by  a  step-by-step 
numerical  process,  as  shown  below. 


*  In  soae  omsb  (e.g.,  for  light  piston  oases)  it  may  be  desirable  to  oaloulate  tbe  conditions 
at  the  tins  when  the  shook  has  gone  forth  and  back  a  second  time. 


L] 


The  applicable  equations  are 

M[V»-V»]/2  =  -PAM^B-yA) 

Qg  =  0^  -  (pV,Ai)8t 

Pb^Pa  =  (Pb/Pa)^=  . 

The  three  equations  permit,  for  a  given  St  ,  the  solution  for  the  three  unknowns 
Ogi  ygi  and  Vg. 

(e)  Finally,  from  (d)  one  may  obtain  the  value  for  the  barrel  entrance  condition 
of  the  sum  u  +  o'  as  a  function  of  time.  Since  sonic  conditions  are  asswed  to 
exist  there, 


7  -  1 
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this  sum  remains  constant  along  u  +  a  disturbances  which  reach  the 
projectile  at  a  time  At  after  they  leave  the  barrel  entrance  position. 


The  time  Interval  At  Is  approximated  by  assuming  the  u  +  a  oharaoterlstlo 
to  be  a  straight  lino.  Thus, 


tp  -  t*  -  At 


|{[u*(t*)  +  a*(t*)]  +  [u(tp)  +  a(tp)]} 


Hi  Mill  , 

2  '  '  2/(y-l) 


Newton's  equation  is  applicable  to  the  projectile, 


=  Mu 

dtp  dXp 


=  PpAj 


Along  the  u  +  a  oharaoterlstlo 


*  *  ^  y  + 1  * 

U*  +  cr*  =  U_  +  cr.  =  -  ■■  o- 

P  P  2 


The  complete  projectile  motion  may  be  obtained  by  a  step-by-step  numerical  procedure 
using  the  three  equations  above.  The  effect  of  friction  may  be  accounted  for  by  using 
Figure  22. 

the  approximate  method  outlined  In  this  section  yields  projectile  velocities  which 
agree  well  with  the  results  of  more  sophisticated  methods.  For  a  heavy  piston  case 
the  method  above  becomes  equivalent  to  that  described  by  Charters  in  Reference  83 
(or  Reference  86).  However,  not  only  Is  the  calculation  very  time-consuming,  It  does 
not  yield  needed  Information  about  the  details  of  the  pressure  experienced  by  the 
projectile.  In  the  actual  situation  shocks,  neglected  In  the  approximation  after 
the  projeotlle  Is  released,  travel  back  and  forth  between  piston  and  projectile. 
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These  shocks,  although  sometimes  weak,  cause  sharp  pressure  peaks  which  may  cause 
projectile  mechanical  failure.  In  some  cases  predictions  by  approximate  methods  of 
the  type  outlined  here  for  the  peak  pressure  experieiiued  by  the  projectile  have  been 
found  to  be  in  error  by  a  factor  as  high  as  four.  This  is  one  reason  that  the  use  of 
electronic  computers  to  calculate  more  exactly  the  performance  of  a  two-stage  gun 
becomes  highly  desirable. 


Section  46 

The  Two-Stage  Ckin  -  Performance  Calculation 
by  Electronic  Con^tiitlng  Machines 

To  avoid  the  tediousness  of  hand  calculation  and  to  better  determine  the  actual 
pressure  variations  occurring,  it  is  necessary  to  use  eleotronlo  computers  for  two-stage 
gun  oaloulatlonB.  The  speed  of  these  machines  is  particularly  advantageoue  when  it  Is 
necessary  to  select  loading  conditions  to  yield  a  maximum  projectile  velocity.  In  a 
given  two-stage  gun  which  is  to  propel  a  given  mass  projectile  of  given  pressure 
oapahlllty,  it  becomes  neoessary  to  select  the  following  parsaaters! 

(a)  The  back  chamber  oonditlona. 

<b)  The  pump  tube  oondltions. 

and 

(0)  The  piston  mass. 

(d)  The  projectile  release  pressure, 

The  number  of  possibilities  makes  the  eleotronlo  computer  invaluable  to  use  to  select 
the  optimum  parameters.  This  is  particularly  so  because  ss  of  the  present  time  there 
are  few  general  rules  for  guidance  in  the  selection  of  these  parameters,  the  optimum 
values  depending  on  the  particular  two-stage  gun  geometry  and  pressure  ospabllltles. 

I 

(If,  however,  one  Is  designing  a  two-stage  gun  “from  soratob’*  to  propel  a  given 
projeotilo  at  a  given  velocity,  the  use  of  the  “constant  base  pressure"  ideas  outlined 
in  Seotlon  47  yields  a  two-stage  gun  design  without  the  necessity  of  as  many  trials. > 

The  most  suitsble  eoheme  to  the  present  for  the  eleotronlo  computer  application  to 
the  two-stage  gun  is  the  one-dlmenelonal  Lagranglan  scheme  disouased  in  Seotlon  27. 

It  lo  based  on  the  “q"  method,  os  devised  by  von  Neumann  and  Rlohtmyer^’*  The  oode 
solves  quasl-one-dimenalonal  hydrodynamic  problems,  l.e. ,  it  will  handle  oases  of 
one-dimensional  flow  through  duots  of  varying  cross  section.  Automatic  treatment  of 
the  shook  by  the  “q"  method  lends  itself  nioely  to  the  solution  of  multiple  shook 
systems  such  as  ooour  in  the  two-stage  light  gas  gun.  Any  equation  of  state  may  be 
used  for  the  gas.  This  sohemo  Is  presently  being  used  at  the  US  Naval  Ordnance 
Laboratory and  Aberdeen  Proving  around®*. 

Another  computer  scheme  using  the  method  of  ohsrscterlstlos  and  the  shook  equations 
is  in  use  by  Republic  Aviation  (Xirporation*®.  This  scheme  appears  applicable  to  the 
two-etage  gun  problem. 
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For  a  given  two-stage  gun,  firing  a  given  projectile,  the  types  of  results  one 
obtains  by  using  the  computing  machine  when  attempting  to  optimize  performance  are 
as  shown  in  the  following  sketch. 


As  mentioned  before,  the  form  of  these  curves  varies  greatly  wlth^he  geometry  of 
the  two-stage  gun.  Therefore,  each  gun  system  geometry  will  have  specific 
characteristics.  In  general,  the  larger  the  pump  tube,  the  better  will  be  the 
performance  of  a  two-stage  guu. 

The  calculations  also  indicate  that  preheating  an  Ideal  propellant  gas  In  the 
pump  tube  Is  advantageous  (see  for  example,  References  82  or  96). 


MAX  .  PUMP  TUBE  PRESSURE - ► 

Experimental  results  to  date  are  not  conclusive  as  to  the  advantage  of  preheating  the 
propellant  gas.  ABDC  reported'^  an  Increase  In  projectile  velocity  from  27,600  ft/seo 
to  30,000  ft/seo  by  doubling  the  propellant  gas  Initial  temperature.  In  contrast. 
Cable reported  no  gain  by  heating  to  about  400°K.  (Thus,  the  Increase  In 
experimental  projectile  velocity  due  to  preheating  Is  often  less  than  predicted  by 
calculation.  It  Is  here  speculated  that  this  deficit  Is  partially*  due  to  the 


For  long  pump  tubes  there  say  occur  convective  heat  losses  which  would  contribute  to  the 
degradation  of  gun  perforsanoe. 


assumption  that  the  propellant  gas  is  an  ideal  gas.  Actually,  in  many  cases  the 
propellant  gas  is  sufficiently  dense  that  the  intermolocular  forces  are  nlgnlflcant; 
in  these  instances,  as  shown  below  (see,  e.g,,  Sections  ST- and  64-)  the  dense  real-gas 
propellant  produces  a  higher  projectile  velocity  than  an  ideal  gas  propellant.  By 
preheating  the  propellant  the  effects  of  the  intermolecular  forces  are  reduced; 
consequently,  less  gain  in  velocity  is  experlmontally  achieved  by  preheating  than 
expected  from  the  calculations  done  for  an  ideal-gas  propellant. ) 

One  may.  'in  principle  attain  the  benefits  of  preheating  by  increasing  the  pump  tube 
volume  as  seen  in  the  following  sketch. 


’Typical  calculated  and  experimental  performance  curves  for  two-stage  guns  are 
shown  in  Figure  28;  other  performance  curves  are  given  by  Baer’®,  Stephensen'®' 
Piaooal*'*  and  Swift**.  A  sketch  of  one  of  the  US  Naval  Ordnance  Laboratory  two- 
stage  guns  la  shown  also  in  Figure  28.  Hie  barrel  of  this  gun  is  two  inches  In 
internal  diameter. 

As  mentioned  before,  almost  every  laboratory  has  successfully,  and  in  its  own 
individual  manner,  fitted  its  own  experimental  two-stage  gun  results  to  its  own  theory. 
Thus,  for  example,  good  agreement  between  theory  and  experiment  have  been  reported 
in  Referenoee  81,  82,  94,  27.  83,  37,  33,  103,  and  14  (See  Fig.  28).  However,  as 
previously  noted,  these  oonparlsone,  in  almost  all  oases,  lack  the  necessary  accuracy 
to  assess  the  validity  of  the  theory  used. 


X.  THE  CONSTANT  BASE  PRESSURE  OUN 


Section  47 

Hie  Concept  of  Maintaining  a  Constant  Base  Pressure 

Ill  a  creburned  propellant  gun  the  value  of  the  maximum  pressure  experienced  by  the 
projectile  is  the  same  as  the  value  of  the  maximuffl  pressure  experienced  In  the  chamber. 
In  ouch  a  gun  the  pressure  of  the  gas  behind  the  projectile  decreases  as  the  projectile 
accelerates  In  the  gun  barrel.  This  la  seen  from  the  equation 

2y 
(y-1) 

(47-1) 

which  expresses  the  pressure  as  a  function  of  the  projectile  velocity  In  the' 
preburned  propellant  gun. 


Pp  ^ 


1  +  g - E. 


2a. 


Only  In  the  unattainable  limit  of  infinite  Initial  sound  speed  does  the  pressure  not 
decrease  behind  the  projectile  in  a  PP  gun. 

It  would  be,  of  course,  extremely  desirable  to  maintain  the  pressure  behind  the 
projectile  at  a  constant  value.  Such  a  possibility  exists  for  a  gun  in  which  the 
pressure  In  the  chamber  is  not  limited  to  the  maximum  value  experienced  by  the 
projectile,  but  could  be  increased  as  desired  during  the  travel  of  the  projectile. 


NOT  A 
PP  Gun 


! 


Such  a  gun  would  not  be  a  preburned  propellant  gun;  it  might  be  a  gun  in  which  the 
propellant  continued  to  burn  during  the  projectile  motion;  it  might  be  a  two-stage 
gun  in  which  the  piston  continued  to  increase  the  pump  tube  pressure  during  the 
projectile  motion.  The  latter  concept  has  been  suggested  by  Curtis®®,  Wllenlus”,  and 
independently  by  Winkler® ^ 


Section  48 

Deducing  a  Gas  Flow  Which  Maintains  the  Base  Pressure 
Constant  (The  "Slmlla  ity  Solution") 

How  should  the  pressure  vary  in  the  chamber  so  as  to  maintain  the  pressure  constant 
behind  the  projectile?  A  partial  answer  to  this  query  is  provided  by  the  "similarity 
solution"  of  Stanyukovltch®**:  also  see  Smith®®,  (Jurtis  and  Charters®®’®®’®^’®'*, 
WllenluB®^’  and  Winkler®®.  This  solution  assumes  that  the  gas  velocity  in  the 
constant  diameter  barrel  is  only  a  function  of  time  (not  of  distance).  Thus, 

u  =  u(t)  (48-1) 

It  may  be  demonstrated  that  this  assumption  yields  a  constant  base  pressure  gas  flow 
as  desired.  A  different  and  more  logical  approach  than  starting  from  the  assumption 
of  Elquatlon  (48-1)  Is  given  below. 

The  quest  Is  for  a  gas  flow  which  will  yield  a  constant  pressure  behind  the 
projectile.  One  possibility  Is  to  consider  the  situation  In  which  the  pressure  Is 
not  only  constant  for  the  gas  layer  directly  behind  the  projectile,  but  Is  constant 
(although  a  different  constant)  for  each  gas  layer.  Thus,  for  this  situation  It  Is 
assumed  that  In  the  constant  diameter  flow 


Bp  Bp 


(48-2) 


which  states  that  the  pressure  does  not  change  along  a  particle  path,  (See 
Appendix  A).  This  then  is  the  basic  assumption  made. 

If  it  is  now  assumed  that  the  gas  changed  state  Isentroploally,  then 

P  =  P(P) 

alone,  and  (48-3) 

a  -  B(p), 

alone,  etc,  Thus,  since  p  does  not  change  along  a  particle  path,  each  of  the  other 
thermodynamic  properties  does  not  change  along  a  particle  path.  This  Is  expressed  in 
equation  form  from  (48-2)  and  (48-3)  to  yield 

Bp  Bp 

T-  +  u  — 


0 


(48-4) 
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3a 

3t 


0 


and  so  on  for  all  the  other  thermodynamic  properties. 


(48-5) 


The  applicable  one-dimensional  unsteady  equations  of  continuity  and  momentum  are 


Bpu  dp 


(48-6) 


3u  3u  1  3p 

3t  ^  3x  p  3x 


(48-7) 


Inserting  the  requirement  for  constant  density  of  a  gas  layer  Equation  (48-4)  into 
the  continuity  Equation  (48-6)  results  in 

3u 

P—  =  0  ,  (48-8) 

ox 

Thus,  from  Equation  (48-8),  either  the  gas  density  is  zero, 

p  s  0  (48-9) 

or  the  gas  velocity  is  a  function  of  time  alone,  i.e., 

u  =  u(t)  .  (48-10) 

Either  possibility  will  yield  a  constant  base  pressure  gun. 

Obtaining  a  zero  density  gas  (and  hence  an  infinite  sound  speed  gas)  is  not 
reallzeable  in  practice  and  this  possibility  will  not  be  further  considered. 

The  second  possibility,  that  the  gas  velocity  be  a  function  of  time  alone, 
constitutes  the  similarity  solution  of  Stanyokovltch  and  Smith  and  will  be  further 
considered. 


If  Equation  (48-10)  is  Inserted  into  the  momentum  Equation  (48-7),  there  is 
obtained 


du  1  3p 

dt  p  3x 


(48-11) 


Since  the  left  hand  side  of  this  equation,  by  Equation  (48-10),  is  a  function  of 
time  t  alone  and  the  right  side,  in  general,  would  be  a  function  of  x  and  t  , 
it  must  be  that  each  side  of  Equation  (48-11)  is  equal  to  a  constant,  say,  “a"  ,  Thus, 


du  1  3p 

dt  p  3x 


(48-12) 
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and,  hence,  by  integration  with  u  =  0  at  t  =  n 

u  =  at  .  <48-13) 


Thus,  the  gas  velocity  is  proportional  to  time  in  this  case  in  which  the  thermodynamic 
properties  do  not  change  along  a  particle  path. 


In  particular,  the  path  of  the  particle  which  originates  at  x  =  0  ,  t  =  0  may  be 
chosen  as  the  path  of  a  projectile.  The  unchanging  pressure  and  sound  speed  of  the 
gas  behind  this  projectile  are  denoted  as  and  a^  ,  respectively.  With  the 
assumption  that  the  barrel  is  evacuated  In  front  of  the  projectile,  the  propelling 
pressure  is  constant  (equal  to  p^),  resulting  in  a  constant  base  pressure  projectile. 
Newton's  law  for  the  projectile  becomes 


or 


Up  =  PjAt/M 


(48-14) 


By  comparing  this  result  with  the  Squatlon  (48-13)  for  veloolty  for  any  gas  particle, 
it  la  seen  that 


a  =  PjA/W 


(48-15) 


The  travel-time  history  of  the  projectile  is  obtained  directly  by  the  integration 
of  Equation  (48-14) 


and 


(48-18) 


(48-17) 


The  essential  thermodynamic  property  which  determines  the  magnitude  of  the  pressure 
drop  between  the  projectile  and  the  x  =  0  point  may  be  deduced  from  the  momentum 
equation  (48-12).  If  this  equation  is  integrated,  there  is  obtained  for  any  given 
time 


(48-18) 


where  p^  is  the  pressure  at  the 


X 


0 


point. 


t 

p 


PRESSURE  IN  BARREL 
AT  A  GIVEN  TIME 


Equation  (48-18)  denonatratea  that  a  propellant  with  a  low  p  as  a  function  of  p  is 
desired  In  order  to  have  a  low  pressure  p^  at  x  =  0  .  (This  is  the  same 
oharaoterlatlo  desired  for  a  propellant  in  a  steady  flow  expansion  from  a  preburned  gun 
ohaober  to  the  barrel). 


HIGH  P(p) 


This  Is  true  for  an  Ideal  or  non-ideal  gas.  In  the  case  of  an  Ideal  gas,  low  density 
is  equivalent  to  a  high  Initial  sound  speed  (or  low  Initial  density). 

One  might  also  integrate  Equation  (48-12)  differently  to  determine  the  pressure 
difference  between  the  projectile  and  the  x  =  0  position.  Thus, 

Mp  Ga 

p  -  P.  =  /  pa  ix  =  —  (48-20) 

Jo  * 

where  Q  is  the  gas  moss  between  x  =  0  and  the  projectile.  It  Is  seen  that  the 
pressure  difference  Is  proportional  to  the  mass  of  gas  behind  the  projectile. 
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Section  49 

The  Variation  of  Qas  Properties  for  the 
Similarity  Solution 

The  fact  that  pressure  does  not  change  along  a  particle  path  is  expressed  by  the 
equation 


3p  Bp 

•r-  +  u  ~  =  0 
at  Bx 


(49-1) 


The  expression  for  the  differential  pressure  change 


Bp  Bp 

dp  =  —  dt  +  —  dx 
Bt  Bx 


(49-2) 


becotnei,  by  substitution  of  Equation  (40-1), 


Bp  Bp 

dp  =  -  u  cr-  dt  +  —  dx 
Bx  Bx 


(40-3) 


If  the  Equation  (48-12)  for  the  spaolal  pressure  gradient  and  Equation  (48-13)  for  the 
velocity  u  are  substituted  Into  Equation  (49-3),  there  results 


P 


a*tdt  -  ixdx 


(49-4) 


Upon  Integration  from  x  =  0  at 


=  0  ,  Equation  (40-4)  becomes 


(40-S) 
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For  an  Isentroplc  process 


dll  -  dp/p 

so  that  EQuatlon  (48-12)  beoones,  In  terms  of  enthalpy. 


h 


-  h. 


2 


ax 


(49-6) 


(49-7) 


where  h^  Is  the  value  of  enthalpy  at  x  =  0  ,  t  =  0  .  Equation  (49-7)  describes 
the  variation  of  enthalpy  necessary  for  the  similarity  solution.  It  applies  to  any 
gas  with  any  equation  of  state. 


Unless  otherwise  noted,  the  discussion  will  now  be  restricted  to  Ideal  gases,  It 
is  to  be  remarked,  however,  that  real  gas  effects  will  change  the  quantitative 
results  below.  (See  Section  67  below;  also  see  Sraith^‘,  for  discussion  of  the  effect 
of  oovolume).  For  an  Ideal  gas  the  enthalpy  may  be  readily  put  In  terms  of  sound 
speed,  pressure,  or  temperature.  Thus,  Equation  (49-7)  becomes 


where  p^  ,  a, 
t  =  0  ,  and  X 


/aV  (y-Dafat®  1 

Uj  ^ 

(49-8) 

1 

II 

r 

(y-l)a  at®  11^*^ 

(49-9) 

T  (y-  l)a  fat® 

—  =  1  + - —  -  X 

To  Lz  J 

(49-10) 

and  Tg  are  values  of  pressure,  sound  speed,  and  temperature  at 
0  . 


It  beoones  apparent  that  a  constant  base  pressure  equal  to  Pg  nay  be  achieved  on 
the  back  of  a  projectile  if  the  enthalpy  is  altered  as  dictated  by  Equation  (49-7), 
or  equivalently  If  the  pressure  or  the  other  variables  are  altered  as  shown  In 
Equations  (40-8),  (40-9),  and  (49-10).  Thus,  for  the  position  In  the  barrel  where 
X  =  0  ,  which  shall  be  designated  by  the  subscript  "I",  pressures  should  Increase 
with  time  In  the  manner  prescribed  by  Equation  (49-9). 


h  = 

Po 


7 


1 


+ 


2a' 


(40-11) 


It  is  noted  that  the  magnitude  of  the  rise  In  pressure  as  a  function  of  time  Is 
dependent  on  the  sound  speed  a^  , 


1 


I 

s 
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A 


Sound  speed  and  temperature  will  oorreepondlngly  Increase  with  time  at  the  position 

X  =  0  . 


1  + 


(y- 

Ua* 


(49-12) 


where  the  subscript  "!'*  designates  the  position  x  =  0  . 

Other  posslbllltleB  exist  for  attaining  a  constant  base  pressure  gun  than  varying 
conditions  at  x  s  o  ,  Thus,  conditions  may  be  varied  at  any  given  x  or  any  given 
time  t  so  as  to  satisfy  Equations  (49-8)  through  (49*10).  For  example,  the 
pressure  may  be  varied  along  the  barrel  at  the  time  t  =  0  to  satisfy  Equation  (40-9). 


(r-i)a  ■ 

- 3 - X 


However,  In  practice  the  method  employed  has  been  to  attempt  to  vary  pressure  at  a 
given  point  (x  =  0)  ns  prescribed  by  Equation  (49-11). 


y-i 

(49-13) 


Section  50 

Hie  Path  or  Characteristics  In  Eulerlan  Coordinates 
for  an  Ideal  Oas 

The  equations  for  the  oharaoterlstio  lines  may  be  obtained  by  Integrating  the 
equations  describing  the  slopes.  Thus,  letting  the  symbols  ^  and  r  denote  the 
X  ,  t  coordinates  of  the  oharaoterlstio  lines,  one  has  for  the  "u  t  a”  characteristic 
lines 


u  +  cr 


2 


7  -  1 


a 


00 


^  Ui  +  (Ti 


(50-1) 
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and 


3  -  y 

j  ^  “ - —  “  +  “oo  (50-2) 


2b 


00 


(y-i)a  (y-i)n(3-y) 


r  ^  2aqp 
4  L  ”3-y)a_ 


(60-3) 


where  the  subscrlDt  1  denotes  the  oondltlons  along  x  =  0  ,  and  where  a^g  Is 
defined  as  the  sound  sueed  of  the  gas  on  the  characteristics  at  t  =  0  and  Is  a 
function  of  the  coordinate  Xgg  of  the  charactorlstlc  at  this  time.  Thus,  from 
Equation  (60-3)  with  t  =  0  , 


(80-4) 


It  Is  noted  from  Equation  (80-3)  that  every  charaeteristic  line  is  on  identical 
parabola  whose  vertex  is  displaced  from  oharaoterletlo  to  oharaoterlstlo.  (This  was 
first  noted  by  Winkler^’*),  The  equation  for  the  vertex  Is 


(y-Da  2(y-l)  '' 


(80-8) 


where 


ty  ^  0 


SlDllarly,  for  the  “u  -  a"  oharaoterlatloe  one  finds 

2 


U  -  O'  = 


y-  1 


»oo  =  “1  -  <^1 


(80-6) 


d^  3  -  y 

— ■  =  u  -  a  =  - u  -  a 

dr  2 


00 


(80-7) 


and 


f- 


llL 


2a 


ASL 


0(3-7) 


(x(y-l)  oi(y-i)(3-y) 


L  (3-7)oj 


(80-8) 


where  Sgg  Is  the  sound  speed  of  the  gas  on  the  ”u  -  a"  oharaoterlstlo  at  t  =  0  at 
which  point  x  =  Xgg  (described  also  by  Equation  (80-3)).  It  Is  seen  that  the 


"u  -  a"  characteristic  lines  are  also  identical  paraboles  which  are  displaced  so  that 

f.hA  VArtAVAfl  1lA  Ainnff  t.hA  narth 


a: 


a(y-l) 


2(y-l)  '' 


(50-9) 


where  ^  0  .  Moreover,  most  remarkably,  the  “u  -  a"  parabolas  are  identical  to  the 
"u  +  a"  parabolas. 

♦  u  +  a  I  ines 
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Section  51 
Do  Shooks  Occur? 

It  la  seen  frou  an  exuninatlon  of  the  expression  for  the  slope  of  the  "u  +  a” 
oharaoterlstlos  line  (Equation  (60>2))  that  these  oharaotirlstlos  tend  to  converge. 
(This  Is  also  evident  from  a  sketch  In  the  x-t  plane).  Hence,  It  becomes  of  Interest 
to  determine  If  the  oharaoterlstlos  lines  will  Interseot  to  form  a  shook. 


Examination  of  the  equations  for  the  oharaoterlstlos  in  the  case  when  no  projectile 
Is  present  reveals  that  a  shook  Is  not  formed.  Clhis  conclusion  is  obvious  If  one 
looks  at  the  oharaoterlstlos  In  the  Lagranglan  coordinate  system  -  see  below). 

Although  the  oharaoterlstlos  do  not  converge  to  form  a  shook,  they  do  become  tangent 
to  a  parabolic  envelope;  the  equation  of  this  envelope  (obtained  from  the  condition 
(d^/dagg),^  =  0  ,  Is 
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Thus,  part  of  this  parabolic  envelope  is  parallel  to  the  path  which  the  projectile 
urniiirf  h?.ve  if  present  and  in  the  dlotaiii,c  a’^/uiy-L)  aneaa  oi  it. 


O  this  envelope  the  pressure  p  ,  sound  speed  a  ,  temperature  T  ,  etc. ,  are  all 
zero.  Calculation  demonstrates  that  beyond  the  envelope  the  quantities  p  ,  T  ,  a  , 
etc. ,  are  imaginary  or  negative.  Thus,  the  region  beyond  the  envelope  does  not  exist 
in  reality, 


Section  52 

Paths  of  Characteristics  in  Lagrangian  Coordinates 
for  the  Ideal  Gas 

The  equations  of  the  characteristics  are  particularly  simple  when  expressed  in  the 
Lagrangian  coordinate  system.  The  continuity,  momontum  and  characteristics  equations 
are  the  following  (See  Courant  and  Friedrichs^®): 
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where 


H 


I 


X(0,t) 


dx 


the  mass  per  unit  area  of  gas  from  a  given  point  In  the  flow  to  any  other  point.  It 
Is  noted  that  the  slope  of  the  characteristics  in  the  H-t  plane  is  equal  to  the 
acoustic  Impedance  (i  ap). 

The  assumption  that  density  Is  unchanging  for  a  particle  is  expressed  as 


from  which,  by  the  continuity  equation  (52-1), 


or 


u  =  u(t)  alone. 


The  momentum  equation  then  becomes 


whore  a  Is  a  constant.  Thus, 


u  =  at 


(52-4) 


(52-5) 


(52-6) 


(62-7) 


(52-8) 


and 


P  -  Po  = 


-  Ha 


(52-9) 
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r»r 


p  HA 

- 1  = -  (52-10) 

Po  M 

where  H  is  taken  equal  to  zero  when  p  =  Pj  .  Thus,  the  H  =  0  gas  layer  is  the 
layer  adjacent  to  the  projectile  with  pressure  equal  to  p^,  .  The  mass  of  gas  behind 
the  projectile  to  the  point  in  question.  -HA,  may  be  designated  "Q".  Equation  (52-10) 
then  becomes 

p/P(,  =  1  +  O/M  .  (52-10) 

The  equations  for  the  u  +  a  characteristics  are  obtained  from  the  relevant 
relation 

U  +  o-  =  tttp  +  cTj  (52-11) 

where  tp  is  the  time  that  the  u  +  a  oharaoteristio  intersects  the  projectile 
path  (the  H  =  0  path).  Since 


(62-12) 


for  the  “u  +  a"  oharaoteristio,  Equation  (62-11)  becomes 


It  is  interesting  to  note  that  in  a  system  of  Lagranglan  coordinates,  using  a  linear 
coordinate  (e.g.,  x^g)  rather  than  H  ,  these  characteristic  curves  would  be 
parabolas.  This  equation  may  be  differentiated  to  obtain  the  slope  of  the 
characteristic  on  the  H-t  diagram 


y+i 


(62-14) 


yf  1 


(52-15) 


The  "u  +  a"  characteristics  are  thus  seen  to  be  identical  curves  which  are  displaced 
one  from  the  other  in  the  t  direction  by  an  amount  equal  to  Atp  . 
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Thus,  the  "u  -  a"  characteristics  are  identical  curves  displaced  in  the  t  direction 
hy  at.  .  Moreover,  they  are  seen  to  be  the  same  curve  as  the  "u  +  a”  curve  but 
reflected  about  the  H  axis. 

Both  sets  of  characteristics  form  an  envelope  about  the  line  H  =  M/A  on  which 
pressure,  temperature,  density,  and  sound  speed  are  zero.  In  the  sketch  of  the 
characteristics  are  also  shown  the  projectile  path  (H  0)  and  the  path  of  the 
X  =  0  line. 


Section  53 

Pressure  Requirements  In  a  Chambered  Gun  to  Obtain 
a  Constant  Base  Pressure  -  Subsonic  Flow,  Ideal  Gas 

It  appears  that  one  practical  method  of  partially  satisfying  the  reaulrements  of 
the  similarity  solution  is  to  use  a  ohambered  gun;  the  endeavor  could  then  be  made  to 
increase  the  pressure  in  the  chamber  so  as  to  increase  the  pressure  at  the  entry  to 
barrel  as  prescribed  by  the  similarity  solution.  Equation  (49-11). 


£i 

Po 


y 


2a* 


(53-1) 


Correspondingly,  the  temperature  and  sound  speed  at  the  barrel  inlet  would  vary  as 
given  by  Equation  (49-12). 


T 

T 


1  + 


(y-i)«* 

K 


(53-2) 


where  the  subscript  "o"  refers  to  the  constant  conditions  behind  the  projectile. 


The  conditions  in  the  chamber,  denoted  by  the  subscript  "o”,  may  be  related  to  those 
at  the  barrel  inlet  by  the  quasi-steady  equations  of  energy  and  continuity.  If  the 
area  ratio  Ag/A^  is  sufficiently  large 
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a 


z 

0 


7  -  I 


7  -  1 


(53-3) 
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From  (53-2)  and  u,  =  at<  ,  Equation  (53-3)  becomes 

a*  =  a*  +  (7-1)  <x‘tl 


(53-4) 


from  which,  by  the  isentroplc  relations,  the  chamber  pressure  variation  Is  obtained  as 


_ 


1  + 


(7- Da' 


a; 


y-i 


(53-5) 


The  flow  at  the  entry  to  barrel  becomes  sonic  (see  Equations  (50-10)  and  (50-11))  at 

(53-6) 


^  V3  -  7  a 


at  which  time 


and 


(53-7) 


and 


(53-8) 


(63-9) 
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It  IB  to  be  noted  that  at  this  tine  tg  the  projectile  la  traveling  at  a  speed  equal 
to 

Ug  =  atg  (B4-3) 


with  a  “Maoh  nunber"  Ug/a^  equal  to 


u 

a 


B 

0 


(64-4) 


For  a  7  =  1.4  gas  this  Maoh  number  la  1.70.  Ibe  alnllarlty  solution  la  thus 
satisfied  until  the  projectile  reaches  this  Maoh  number. 


The  flow  conditions  outside  of  the  region  A-B-t^  may  be  obtained  using  the 
oharaoterlstio  equations 


D(u  t  o) 

iit 


(64-8) 


and  the  following  boundary  conditions; 

At  X  =  0  ,  t^  J  tj*  :  Uj  =  u*  =  =  a*  (64-8) 

and  at  the  projectile 

Up  =  otp  .  a  =  C7p  =  o-j  (64-7) 

Hie  star  (*)  indicates  sonic  flow;  the  subscript  "p”  Indicates  the  projectile. 
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Ariel  tiluu  ,  the  conditions  at  tne  iniet  are  related  to  those  at  the 

projectile  by  consideration  of  the  “u  +  a"  characteristics.  For  each  such 
characteristic  the  sum  of  u  +  a  at  the  barrel  inlet  may  be  related  to  that  directly 
behind  the  projectile 


or 


‘1  _ 


=  “p  +  '^p 

+  1 

II 

a*  = 

"p  +°'o 

(54-8) 

_  r  -  1 

(64-9) 

l»o  >  -  V 

y  +  1 

y  -  ij 

From  this  follows 


£l 

Po 


y  -  1 

y  +  1 


(64-10) 


Eduation  (54-10)  expresses  the  relation  between  barrel  inlet  pressure  p*  and  the 
corresponding  time  along  the  u  +  a  disturbance  at  the  projectile  tp  .  However,  it 
is  desired  to  obtain  the  value  of  this  pressure  versus  time,  t^  ,  at  the  barrel 
inlet.  Thus,  the  problem  resolves  Itself  into  determining  the  relationship  between 
the  barrel  inlet  time  t^  and  the  projectile  time  tp  on  each  u  4-  a  oharaoterlstio. 


I 


i 
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The  sketch  shows  the  x-t  diagram  applicable  to  a  chambered  gun.  The  line  t^-R 
1“  the  u  a  characteristic  aoluK  biuuuKh  the  point  t"“  .  ihe  line  C-E  Is  the 
path  of  a  u  +  a  characteristic. 

If  one  attempts  a  numerical  solution  by  the  method  of  characteristics  In  the  region 
E-B-t'^-R  ,  it  becomes  quickly  obvious  that  the  conditions  In  this  region  are  those  of 
the  similarity  solution.  For  example,  point  0  Is  determined  from  points  E  and  B  , 
both  of  which  follow  the  similarity  solution.  Hence,  so  also  will  point  0  , 

(Smith*®,  refers  to  the  characteristic  t**-R  as  the  "limiting  characteristic"). 

Thus,  the  problem  reduces  Itself  to  a  numerical  oharacterlstics  solution  in  the  region 
R-t**-S  .  The  solution  Includes  the  sought-after  relation  between  t^  and  t^  . 

This  relation  has  been  obtained  numerically  In  Reference  35  and  also,  approximately 
In  Reference  37.  An  exact  analytical  solution  for  the  region  R-t**-S  has  been 
obtained  by  Somes*®,  for  a  y  =  5/3  propellent  gas  (see  Equation  (54-15)). 

The  results  for  pressure  at  the  barrel  inlet  p^  and  in  the  chamber  p^  , 
assuming  large  chambrage,  are  given  In  Figures  29  and  30  for  various  y’s  .  It  Is  to 
be  noted  that  after  t®^  the  pressure  required  at  the  barrel  Inlet  is  higher  than 
would  have  been  required  by  the  similarity  solution  In  a  gun  with  no  chambrage. 
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Calculation  also  Indicates  that  after  t|*  the  velocity  at  the  barrel  Inlet  becomes 
quite  a  bit  less  than  given  by  the  similarity  solution  and  that  the  mass  flow  into  the 
barrel  Is  only  slightly  less  than  the  similarity  solution  result. 

It  Is  again  seen  that,  If  the  initial  sound  speed  for  an  Ideal  gas  propellant  is 
high,  the  pressure  rise  in  the  chamber  Is  correspondingly  low. 


1 

Pc 


The  results  cited  above  for  the  Ideal  gas  may  be  obtained  In  an  approximate  manner  i 

as  related  in  Reference  37.  There  it  la  pointed  out  that  the  determination  of  the 
relation  between  t^  and  tp  on  the  same  u  -f  a  characteristic  may  be  obtained 
approximately  without  resort  to  a  numerical  characteristics  solution  by  either  of 
the  following; 

(1)  assuming  the  u  +  a  line  C>D  (see  sketch)  to  have  the  same  path  as  the  I 

oharaoterlstlo  through  point  D  In  the  similarity  solution,  or 

(11)  assuming  the  line  C-D  to  be  a  straight  line  of,  slope  equal  to  the  average 
of  those  at  D  and  C  . 

Ttie  first  assumption  yields 


from  which  Is  obtained 


Po 
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The  eecond  assumption  yields 


where 


at  I 


3^  at. 


(y+1) 


(54  13) 


““  (y'  +  loy  -  7)  ^  +  (y+6)  V(3  -  y)'2 

“o 


at 


P  = 


at. 


(y-1) 


fa  -  y 

■  V  2  . 


(54-14) 


The  approximate  results  obtained  by  using  the  first  assumption.  Equation  (54-12), 
have  been  compared  to  the  exact  analytical  solution  of  Somes  for  a  y  =  5/3  gas 
which  may  be  expressed  as 


where 


220 


-  I  — i  )  and  tj  >  tt* 
3  ipj)  y  ‘  ‘ 


(54-15) 


The  approximation  Is  excellent,  as  seen  from  the  values  of  P^/Pg  in  the  table  (a 
plot  would  show  almost  no  difference). 


(=  tf*) 

1.5 

1.75 

B 

4.1575 

10 

Exact 

From  Reference  17 
Equation  (54-15)^ 

■  2.756  , 

4.777 

7.694 

12.097 

243.0 

16,040 

Approx, 

From  Reference  37 
Equation  (54-12) 

2.756 

4.776 

7.687 

12.069 

239.0 

16. 579 

%  error 

0 

0.02 

0.09 

0.23 

1.66 

2.87 

Thus,  all  the  barrel  entry  conditions  (n*  equal  to  a*,  p*,  etc. )  may  be  calculated 
from  Equation  (54-12)  for  the  times  beyond  t^  . 
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Section  59 

Required  Motion  of  the  Pump  Tube  Piston 
When  it  Enters  the  Barrel 


Heretofore,  the  possibility  has  not  been  considered  that  the  piston,  being 
deformable,  might  enter  the  barrel  during  the  projectile  travel. 

Deformable  Piston 


This  situation  can  occur,  for  example,  if  the  initial  pressure  ,in  the  pump  tube  is 
sufficiently  low.  The  question  arises;  Is  this  an  advantageous  method  of  maintaining 
constant  base  pressure?  An  answer  to  this  query  is  provided  by  determining  the  velocity 
required  of  the  piston  front  end  when  it  enters  the  barrel.  Ihe  motion  of  the  piston 
front  end,  when  in  the  barrel,  is  to  be  that  required  to  continue  to  maintain  the 
pressure  constant  behind  the  projectile.  Hence,  the  piston  front  end  must  travel  at 
the  velocity  of  the  gas  particles  in  the  barrel  as  determined  from  the  constant  base 
pressure  gun  solution  . 


This  discussion  assumes  that  the  u  +  a  dlsturbuioe  initiated  from  the  piston  front  end  will 
arrive  at  the  projectile  before  it  is  out  of  the  barrel. 
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Thus,  a  plot  of  velocity  of  piston  front  end  as  a  function  of  time  would  appear  as  in 
the  sketch. 


The  required  velocity  time  history  of  the  piston  front  end  is  indicated  by  the  arrows. 
If  the  piston  enters  at  a  time  before  tj*  ,  the  front  end  must  travel  at  the 
projectile  velocity.  Thus,  the  velocity-time  for  piston  entry  at  time  t^^  is  the 
line  A'-b'-c"-D".  If  the  piston  enters  at  a  time  after  tj*  ,  its  velocity  will 
initially  be  the  velocity  of  the  gas  at  the  barrel  entrance;  thereafter,  the  piston 
front  end  must  accelerate  until  it  reaches  the  velocity  of  the  projectile.  Thus,  for 
example,  let  the  case  in  the  sketch  where  the  piston  enters  the  barrel  at  time  t^  be 
considered;  the  velocity-time  history  of  the  front  end  of  this  piston  will  then  be  the 
path  c'-C". 

It  is  obvious  that  to  attain  and  control  the  needed  very  high  piston  velocity  that 
is  required  as  shown  above,  is  prt^bably  not  possible.  It  is  therefore  concluded  that 
the  entry  of  the  piston  into  the  t^rrel  is  undesirable  as  a  means  to  maintain  the  base 
pressure  constant  behind  the  projectile.  This  conclusion  seems  to  be  in  agreement 
with  comments  of  Charters  and^  R.N.  Cox  (page  403  of  Reference  94). 


;  Section  56 

i 

Methods  of  Achieving  tho  Desired  Chamber 
Pressure  Variation 

It  has  been  demonstrated  that  the  pressure  in  the  pump  tube  must  change  with  time 
as  indicated  in  Figure  29  for  an  ideal  gas  to  attain  a  constant  base  pressure  behind 
the  projectile.  Methods  of  obtaining  the  desired  pressure-time  variation  in  the 
chamber,  or  "matching",  are  discussed  in  References  35,  36,  37,  and  40.  The  final 
-words  are  yet  to  be  written.  In  all  cases  the  pressure  of  the  gas  in  the  pump  tube 
Is  increased  by  means  of  the  piston  motion  in  a  two-stage  gun. 


The  following  schemes  have  been  proposed  to  natch  the  pressure  rise  in  the  pump 
tube  with  that  required  for  a  constant  base  pressure  behind  the  projectile, 

(1)  Matching  by  the  proper  selection  of  piston  mass,  pump  tube  geometry,  and  pump 
tube  initial  loading  conditions,  (See  Smlth^®,  Winkler^*  and  Wllenlus^^), 


By  Judicious  selection  of  the  above  parameters  a  reasonable  match  may  be  obtained. 

Calculated  after 


On'  difficulty  of  this  method  is  an  undeslred  rapid  rise  of  pressure  in  the  pump  tube 
after  the  matching  has  ended, 


(il)  Matching  by  the  provision  of  available  pump  tube  volume  (grooves)  which  are 
excluded  during  piston  travel. 


This  method  of  matching  has  the  disadvantage  that  the  number  and  size  of  grooves 
required  make  It  Impraotloal^*, 
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of  the  pump  tube  gas  to  leak. 


i/iic  loiiKtii  uT  Lilt)  pump  tube  tu  allow  part 


This  modification  of  the  pump  tube  appears  to  offer  the  possibility  of  perfect 
matching  and  seems  mechanically  feasible.  (See  References  35  and  36). 

<lv)  Matching  by  the  use  of  a  conical  taper  to  control  the  end  of  the  piston  motion. 


This  method  does  not  permit  perfect  matching,  as  seen  from  the  analysis  of  Gbiith^°. 
However,  it  has  experimentally  yielded  the  highest  projectile  velocities  (Charters^'*  - 
sketch  of  the  gun  used  is  shown  in  Section  70).  It  offers  the  advantage  of  permitting 
the  piston  to  be  stopped  without  unacceptable  damage  to  the  pump  tube.  (See  also 
Curtis  and  Charters^’* and  Cable^”').  The  angle  of  conical  taper  which  seems  to 
have  yielded  the  best  experimental  results  is  around  4-dogree  half-angle*'*'  ‘°*). 

(v)  Matching -by  the  use  of  a  taper  whose  oross-seotlonal  area  is  varied  as  a 
function  of  its  length  to  effect  the  match. 


PUMP  TUBE 


MATCHED  TAPER 


This  method  seems  to  offer  promise  but  more  study  is  required  to  determine  its 
feasibility. 


120 


(VI)  Maccning  oy  tne  use  oi  oriiices  in  the  pist-on. 


This  method  offers  the  possibility  of  matching  for  many  different  firing  conditions 
without  having  to  retnodify  the  pump  tube. 

(vil)  Matching  by  use  of  two  pistons  in  the  pump  tube.  Piacesl’®,  describes  this 
possibility  of  using  two  pistons  separated  by  gas  in  the  pump  tube  to  maintain  the 
pressure  behind  the  projectile.  This  scheme,  used  in  conjunction  with  one  of  the 
methods  discussed  above,  may  be  advantageous. 

In  all  of  the  methods  described  above,  pistons  are  used  to  compress  the  pump  tube 
propellant  gas.  When  the  piston  accelerates  to  compress  the  gas  in  the  pump  tube, 
shocks  will  actually  form,  their  strength  being  proportional  to  the  square  of  the 
piston  speed.  These  shacks  may  well  cause  "spikes”  of  pressure  to  be  superimposed  on 
the  otherwise  constant  pressure  at  the  base  of  the  projectile. 
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Thus,  in  the  design  of  a  constant  base  pressure  gun,  it  is  recommended  that,  after 
using  one  of  the  methods  to  select  the  gun  system  parameters,  the  actual  performance 
be  obtained  from  a  computation  which  accounts  for  shocks  such  as  described  in 
Section  46. 

Large  pump  tube  diameters  would  avoid  the  occurrence  of  strong  shocks  by 
permitting  the  piston  velocity  to  be  decreased.  However,  this  may  not  be  a  practical 
remedy. 

,4t  the  present  time  the  best  method  of  matching  has  not  been  decided.  However,  the 
matching  requirements  of  all  of  the  above  methods  seem  to  demand  relatively  large 
pump  tube  volumes;  also,  the  constant  base  pressure  gun  takes  advantage  of  having 
long  caliber  barrels  (e.g. ,  400  calibers),  whereas,  conventional  gas  gun  barrels  are 
relatively  short  (around  200  calibers)  before  frictional  effects  dominate. 
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The  above  methods  allow  one  to  design  guns  on  paper  to  fire  projectiles  at  velocities 
around  50,000  ft/sec  .  Whether  such  velocities  will  be  realizeable  in  practice  will 
require  experimental  trial.  The  prcspure  capability  of  the  pump  tube  becomes  the 
limiting  factor  in  the  design.  An  expendable,  deformable,  part  of  the  pump  tube  which 
will  withstand  perhaps  a  million  Ib/in*  offers  the  possibility  of  achieving  even 
higher  velocities.  Confidently,  it  is  predicted  that  such  velocities  will  be  attained 
by  use  of  the  constant  base  pressure  concept. 


Section  97 

Remarks  on  the  Effects  of  Non-Idealities  on 
the  Performance  of  the  Constant  Base  Pressure  Gun 

The  effects  of  non-ldealltles  on  preburned  propellant  gas  behavior  are  discussed 
in  Part  XI.  Here  these  effects  on  the  constant  base  pressure  gun  performance  will 
be  examined. 

The  dlsoussion  has  largely  been  limited  to  the  use  of  ideal  gas  propellants  in  the 
constant  base  pressure  gun.  However,  the  actual  real  gas  isentropie  behavior  must  be 
used  to  determine  the  performance  of  the  gun.  The  constant  base  pressure  requirements 
for  a  gas  with  any  equation  of  state  satisfy  Equation  (49-6),  viz. 


0iH‘/2  -  ax 


(57-1) 


In  particular  (see  Equation  (48-19)) 

I  Pi 

'  p  ^ 

0 

The  real  gas  p-p  isentropie  relation  may  be  Inserted  into  Equation  (67-1)  to  obtain 
the  required  pressure-time  relation  for  the  real  gas.  The  energy  relation  between 
chamber  and  barrel  is 

Jpi 

and  again  real  gas  data  may  be  used.  Smith’’  has  Inserted  the  equation  of  state  of 
the  Abel  co-volume  gas  into  these  equations  to  obtain  the  similarity  solution  for  the 
Abel  gas. 


-  n 


(57-3) 


(67-2) 


Of  course,  in  any  design  real  gas  equation  of  state  effects  must  be  accounted  for;  see  Section  67. 
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It  IS  shown  in  Section  63  that  real  gases  at  high  density,  where  the  repulsive 
Intermolecular  field  predominates,  yield  a  larger  Jdp/p  (which  is  equivalent  to 
enthalpy  change)  than  ideal  gases.  Thus,  It.  is  seen  from  Equation  (57-2)  and  (57-3) 
that  the  performance  of  a  dense  propellant  gas  (such  as  the  covolume  gas)  will  be 
better  than  the  ideal  in  the  constant  base  pressure  gun. 


As  pointed  out  below,  another  way  to  understand  this  gain  in  velocity  in  a  quasi- 
steady  expansion  of  a  dense  real  gas  relative  to  an  ideal  gas  is  to  note  that  the 
enthalpy  is  greater  for  the  real  gas.  Thus,  for  an  Abel  gas  the  enthalpy  is 


=  CpT  +  pb 


The  additional  term  pb  ,  which  the  ideal  gas  does  not  have,  is  an  additional  energy 
term  yielding  better  gun  performance  in  a  constant  base  pressure  gun  for  the  Abel  gas. 
Smith's  computed  results^^  confirm  this. 


It  happens,  therefore,  that  if  high  densities  occur  in  the  propellant  gas,  the 
effects  of  non-idealltleii  must  be  accounted  for  in  calculating  the  requirements  for  a 
constant  base  pressure  gun;  the  actual  real  gas  data  must  be  used. 


As  a  result  of  the  real  gas  effects  of  a  dense  propellant,  preliminary  calculated 
results  Indicate  that,  for  a  given  projectile  velocity  and  maximum  pump  tube  pressure, 
the  two-stage  constant  base  pressure  gun  using  a  real  gas  has  a  significantly  smaller 
pump  tube  than  calculated  for  an  ideal  gas. 


IDEAL  H, 


DENSE  REAL 


500,000  psi 


Ideal 

■5000  °R  y 


•3000  OR  Real 


Real  &  Ideal 


40,000  psi 
_ 
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ii,  io  ttlao  iioteti  that  ihe  temperature  rise  for  the  real  propellant  gas  is  less  than 
for  the  ideal  propellant  gas. 

To  account  for  the  non-ideal  effects,  it  is  convenient  to  approximate,  as  pointed 
out  in  Section  66,  the  behavior  of  the  real  gas  by  the  following  seml-emplrlcal 
entroplc  equation: 


where  /fl  ,  f  ,  and  k  are  functions  only  of  entropy.  (This  equation  was  used  by 
Seigel"’  to  describe  dense  gas  behavior).  It  is  seen  that  this  equation  is  equivalent 
to  the  Abel  equation  for  a  given  entropy  if  /9/(y3-2)  is  replaced  by  y  ,  and  if  f 
is  replaced  by  b  :  these  constants,  however,  will  change  for  each  different  entropy. 
The  expression  for  enthalpy  becomes  fur  an  Isentrope 


(67-5) 


Itie  similarity  solution  requirements  for  maintaining  constant  pressure  become,  from 
(67-5)  and  (57-1), 
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(67-6) 


from  which  the  variation  of  pressure  p^  at  the  barrel  inlet  (x  =  0)  as  a  function 
of  time  is 
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+  i/3p  /JL- A 
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(67-7) 


The  relation  between  the  barrel  inlet  conditions  and  the  chamber  pressure  is,  from 
(67-6)  and  (67-3), 
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Sffllth^'^  has  evaluated  these  equations  for  an  Abel  gas  to  apply  to  a  hydrogen  propellant*. 
He  points  out  that  the  effect  of  the  molecular  volume  is  to  increase  the  sound  speed 
above  its  ideal  gas  value  and  thus  in  most  oases  the  flow  never  reaches  sonic  at  the 

*  Smith’  B  results  for  hydrogen  are  in  doubt,  since  ho  uses  a  constant  oovolume,  whereas  the 
available  hydrogen  isentropio  data  cannot  be  fitted  with  a  constant  oovolume  In  the  high 
density  region. 
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barrel  inlet.  Hence,  the  similarity  solution  equation  (57-6)  Is  sufficient;  the 
characteristics  solution  beyond  tbn  liiniLliiij  characteristic  is  unnecessary.  Of 
course,  if  the  flow  does  become  sonic,  a  characteristic  solution  must  be  computed. 

Since  the  density  reached  by  the  propellant  gas  in  a  constant  base  pressure  gun  is 
relatively  very  high,  it  is  particularly  important  to  use  the  true  gas  data. 
Unfortunately,  reliable  isentroplc  data  for  hydrogen  at  high  densities  are  not 
presently  available.  Woo ley’ a  hydrogen  data*’  have  been  extended  to  high  density 
and  the  results  fitted,  in  reference  100  to  Selgel’ s  semi-eraplrical  equation  (57-4). 

A  plot  of  the  fitted  constants  is  given  in  Figure  45.  Until  more  reliable  data  are 
forthcoming,  it  is  recommended  that  Equation  (.57-4),  with  the  data  of  Figure  45,  be 
used  to  approximate  the  behavior  of  dense  hydrogen. 
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XI.  THE  EFFECTS  OF  PROPELLANT  CAS  NON-IDEALITY 
5N  T!!E  rEur&nrnANCE  Or  FREBOnnEu  I'Kot'ELLAN  1  OllNs’ 


I 


Section  S8 


The  Criteria  for  Propellant  Gas  Performance 
In  an  =  oo  ,  pp  cun 

The  assumption  that  a  propellant  gas  behaves  as  an  ideal  gas  Implies  that  the 
following  conditions  are  true  during  the  expansion  of  the  gas: 


(a)  The  number  of  degrees  of  freedom  which  are  energized  remains  constant. 


(b)  The  number  of  gas  particles  does  not  change. 

(0)  The  forces  between  the  gas  particles  are  negligible. 

However,  if  the  temperature  of  the  propellant  gas  is  sufficiently  high,  conditions 
(a)  and  (b)  are  not  satisfied;  if  the  density  is  sufficiently  high,  condition  (c)  la 
not  satisfied.  In  these  instances  the  behavior  of  the  propellant  gas  (and  hence  of 
the  projectile)  may  deviate  algnlfloantly  from  that  for  the  ideal  gas  case.  (It  has 
already  been  noted  in  Section  57  that  the  non-ideality  of  hydrogen  in  a  constant 

base  pressure  gun  must  be  taken  into  account). 

1 

In  comparing  the  performance  of  the  actual  or  real  propellant  gas  to  that  of  an 
ideal  gas,  the  view  is  taken  here  that  before  expansion  the  two  propellant  gases  are 
at  the  same  initial  pressure  (pg)  and  the  same  initial  temperature  (T,,)*.  During 
the  expansion  the  pressure -velocity  (p-u)  curves  of  each  of  the  propellant  gases 
behind  the  projectile  may  be  compared;  the  propellant  gas  with  the  higher  curve  will 
yield  a  higher  projectile  velocity. 


The  determination  of  which  gas  properties  control  the  velocity  increase  for  a  given 
pressure  decrease  may  be  obtained  from  an  examination  of  some  of  the  previously 
obtained  fundamental  gas  dynamic  equations  which  characterize  the  propellant  gas 
expansion, 

*  A  similar  analysis  has  been  applied  to  shocktubes  by  Seigel'*^, 

i  Of  course,  there  are  other  possible  Initial  conditions  to  be  used  for  a  oomparlson  (e.g. ,  the 
comparison  may  be  made  for  the  same  Initial  pressure  and  initial  Internal  energy,  or  for  the 
same  Initial  pressure  and  Initial  sound  speed,  and  so  on). 
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A  chambered,  oo  gun  will  be  considered;  the  gas  flow  will  be  assumed 

loeiiliupic.  rui  Liiu  cutiui  uli,  (iiameter  cnamoer  section  and  for  the  constant  diameter 
barrel  tube  section  the  one-dimensional  unsteady  flow  theory  yields  the  results  that 
(see  Section  7). 


du  i  dp/ap  =  0  .  (58-11 

This  equation  applies  to  both  real  and  ideal  gases. 

The  conditions  within  the  transition  section  are  approximated  by  the  quasi-steady 
flow  energy  equation  and  the  Isentropic  condition  to  yield  in  the  differential  form 
(see  Section  15) 


udu  +  dp/p  =  0  .  (58-2) 

Here,  again,  the  equation  applies  to  both  real  and  ideal  gases. 

Equations  (58-1)  and  (53-2)  are  the  fundamental  equations  of  the  propellant  gas 
flow  in  a  chambered  =  oo  gun.  They  are  derived  on  the  premise  that  the  flow  in 
the  constant  diameter  sections  is  one  dimensional  and  that  the  flow  throughout  the 
gun  is  Isentropic;  no  assumption  as  to  the  equation  of  state  of  the  fluid  has  been 
made. 

As  discussed  previously,  it  is  evident  from  equations  (58-1)  and  (58-2)  that  the 
velocity  gain  for  a  given  pressure  drop  in  a  constant  diameter  Xj  =  ®  ,  PP  gun  is 
inversely  proportional  to  “ap'  (the  acoustic  Impedance),  Hence,  for  such  a  gun  the 
requirement  for  a  good  propellant  is  one  in  which  ap  is  low  as  a  function  of  p  for 
the  iaentrope. 

The  situation  is  different  in  a  chambered  gun;  flow  occurs  both  in  the  constant 
diameter  chamber  and  barrel  sections,  and  in  the  varying  diameter  transition  section; 
in  the  latter  section  the  velocity  gain  by  Equation  (58-2)  for  a  given  pressure  drop 
is  inversely  proportional,  not  to  ap  ,  but  to  p  (the  gas  density). 

To  review  the  situation  in  a  Xp  =  oo  ,  PP  chambered  gun,  let  us  consider  the  sketch. 


x^  =  oo  - J 
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Tf.  may  flraMy  hp  rpasnnprt.  aft  in  Rartlnn  Ifi  hhat.  t.h«  nap  nf  rViAmhrflffp  with  n  alvon 

driver  gas  increases  the  projectile  velocity  relative  to  that  in  a  constant  diameter 
=  DO  gun,  since 


(See  Eduation  (16.4)). 

In  the  chamber  the  velocity  increase  for  a  given  pressure  drop  is  inversely 
proportional  to  ap  ;  in  the  transition  section  the  velocity  increase  for  a  given 
pressure  drop  is  Inversely  proportional  to  p  .  In  the  barrel  it  is  seen  that  for 
u  +  a  disturbances  traveling  from  the  barrel  entrance  "i”  to  the  projectile  "p",  the 
velocity  gain  is  inversely  proportional  to  ap  . 

Thus,  the  requirements  for  a  good  propellant  in  an  =  oo  ,  PP  chambered  gun  of 
fixed  geometry  become  apparent;  to  minimize  the  pressure  drop  for  a  given  velocity 
gain,  the  following  may  be  stated: 

(1)  In  the  Xjj  =  00  constant  diameter  chamber  section  a  low  ap  as  a  function 
of  p  is  desired. 

(11)  In  the  transition  section  a  low  p  as  a  function  of  p  is  desired. 

(Ill)  In  the  constant  diameter  barrel  section  what  Is  desired  Is  probably  a  low 
ap  as  a  function  of  p  .  (This  requirement  cannot  be  stated  with  certainty 
since  a  low  ap  only  Insures  minimum  pressure  drop  along  a  “u  t  a** 
disturbance.  As  the  flow  conditions  at  the  barrel  entry  become  more  steady, 
then  the  entire  flow  In  the  barrel  is  described  by  the  equation 

u  +  o-  =  n^+cr^  =  Up  +  o-p 

and  then  a  low  ap  as  a  function  of  p  Is  definitely  desired)*. 

From  the  above,  requirements  for  minimizing  the  pressure  drop  for  a  given  velocity 
gain  In  an  X;,  =  ®  ,  pp  chambered  gun  are  seen  to  be  different,  depending  on  which 
part  of  the  gun  is  being  considered,  However,  in  most  Instances  the  qualitative 
performance  of  an  =  ®  ,  PP  gun  with  large  chambrage  la  oharaoterlzed  by  the  flow 
in  the  transition  section  without  regard  to  the  flow  in  the  uniform  sections. 

Thus,  the  characteristic  of  low  p  becomes  the  criterion  for  the  best  flow  in  a 
gun  with  large  chambrage. 

Accordingly,  the  criteria  for  a  qualitative  comparison  of  an  x^  =  ®  ,  PP  gun 
propellant  gas  performance  are  the  following! 

(1)  The  lowest  ap  as  a  function  of  p  for  the  isentrope  for  best  constant 
diameter  gun  performance. 

*  It  is  to  be  noted  that  this  result  is  not  neoessarlly  true  for  guns  which  are  not  preburned 
propellant  guns.  For' example,  it  develops  that  for  a  constant  base  pressure  gun  a  low  V’ 
as  a  function  of  p  Iq  desired  in  the  barrel  to  minimize  the  pressure  drop  (see  Section  48), 
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(11)  The  lowest  p  as  a  function  of  n  for  fho  loontrono  for  test  infinitely 
chambered  gun  performance. 

In  most  instances  an  examination  of  these  thermodynamic  quantities  ap  and  p  for 
the  Isentrope  In  accordance  with  criteria  (1)  and  (11)  Is  sufficient  to  determine  the 
relative  merits  of  propellant  gases  (and  thus  to  determine  the  real  gas  effects  on  their 
performance).  These  criteria  are  used  below  to  compare  the  qualitative  behavior  of 
real  gases  with  that  of  Ideal  gases  at  the  same  initial  temperature  T^  and  pressure 
Pg  ,  For  this  purpose,  it  Is  convenient  to  record  the  equations  for  the  ideal  gas 
relating  p  and  ap  to  the  pressure  p  for  an  isentrope.  (See  Appendix  J). 


r*i 


(58-3) 


(58-4) 


Section  39 


llie  Method  of  Calculating  the  PP  Oun  Performance 
With  a  Non-Ideal  Propellant  Gas 

The  oharacterlstios  equations  previously  derived  in  terms  of  the  Rlemaun 
Punotion  V  for  the  oonstsnt  diameter  sections  are 


—  (u  ±  0)  +  (u  ±  a)  —  (u  ±  cr)  =  0 
ot  ox 


(09-1) 


The  conditions  at  the  exit  and  entrance  to  the  transition  section  are  related  by 
the  quasi-steady  equations 


=  /•’idp/p  =  h,- 
2  2  »D. 


(59-2) 


(puA)^  =  (puA)j 

Newton’s  equation  for  the  projectile  Is 


(59-3) 


dUo 

M  — C 
dt 


=  PpA 


(59-4) 


In  some  oases  the  qualitative  detnrmlnatlon  may  require  some  calculation.  For  example,  If  ap 
of  one  gas  Is  lower  in  one  region  of  p  than  the  ap  of  the  other  gas,  and  is  higher  In  another 
region  of  p ,  an  estimate  of  the  relative  areas  jdp/ap  must  be  made  to  compare  the  gases. 


129 


The  evaluation  of 


P  =  Pfo") 
a  =  a(cr) 
p  =  P(cr) 
h  =  h(cr) 

* 


(69-5) 


for  the  isentrope  of  the  gas  nay  be  done  from  tabular  values  of  gas  data.  If  possible, 
these  tabular  values  nay  be  fitted  to  empirical  equations,  as  outlined  In  Section  66, 
to  facilitate  the  calculations. 


The  equations  above,  with  the  given  gun  geometry  and  the  initial  conditions  of  the 
propellant  gas  may  be  solved  in  a  step-by-step  fashion  to  yield  the  complete  behavior 
of  gas  and  projectile.  In  the  general  case  of  a  finite  length  chamber  the  calculation 
becomes  too  lengthy  for  hand  computation;  an  electronic  computer  is  required. 

If  Xj  =  00  ,  and  Dg/D^  =  1  ,  quasi-steady  equations  (69-2)  and  (59-3)  are 
unnecessary;  the  pressure-velocity  relation  behind  the  projectile  may  be  obtained 
from  the  simple  wave  equation 


u  +  cr  =  Oj,  (69-6) 

or 

u  =  dp/ap  .  (69-7) 

•p 

Hence,  an  integration  of  thermodynamic  gas  properties  alone  is  enough  to  obtain  a 
p-u  relation  for  the  real  gas  expanding  in  a  constant  diameter,  =co  ,  gun. 

However,  in  the  case  of  an  Xg  =  co  ,  chambered  PP  gun  the  p-u  relation  behind  a 

projectile  otm  only  be  obtained  by  use  of  all  the  equations  above.  Thus,  the  pressure 

at  the  beginning  of  the  barrel,  p^  ,  may  be  obtained  as  a  function  of  the  velocity  u^ 
from  the  simple  wave  equation 

“o  ®’o  =  S 

and  the  quasi-steady  equations  (69-2)  and  (59-3)  with  the  state  equations  (69-5), 

But  conditions  at  barrel  entry,  1  ,  may  be  related  to  those  at  the  projectile,  p  , 
only  by  use  of  the  characteristic  equations  and  the  knowledge  of  the  projectile  motion 
(i.e.,  Newton's  equation).  Hence,  a  p-u  curve  for  a  chambered  gun  requires  the 
complete  gun  calculation,  whereas  for  the  constant  diameter  gun  only  a  knowledge  of 
the  gas  data  Is  required. 
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To  avoid  the  required  calculation,  the  approximation  that  the  gas  is  at  sonic 
velocity  at  the  beginning  of  the  barrel  is  Bometimes  made  for  high  velocity  guns. 

In  that  case 

Uj^  =  Sj  (59-9) 


and 


+  cr^  =  Up  +  o-p  ,  (69-10) 

The  pressure  behind  the  projectile  may  then  be  evaluated  as  a,  function  of  the  velocity. 


(In  the  case  of  the  shocktube,  the  contact  surface  remains  at  a  constant  velocity; 
consequently,  the  p-u  relation  nay  be  obtained  for  a  chanbered  or  unchanbered 
shocktube  from  the  thermodynamic  properties  of  the  gas  alone.) 


Section  60 

The  Application  of  the  Criteria  to  a  Propellant  Oas 
at  High  Temperature 

At  room  temperature  the  molecules  of  a  gas  are  in  translational  and  perhaps 
rotational  notion.  As  the  temperature  is  elevated,  energy  is  Imparted  not  only  to 
the  translational  motion  and  rotational  motion  but  to  vibrate  the  molecules,  to  excite 


turn  1UU12C3  Ltiti  tiiutno,  wiu  uu  uiHHUuiatb  tut)  uiuiucuibu,  niitui  uimrmr  itt  impurtuu  tu 
these  additional  energy  "sinks”  as  the  temperature  Is  elevated,  the  specific  heats 
Increase  and  the  ratio  of  specific  heats,  y  ,  decreases.  However,  after  elevated 
temperatures  have  been  reached,  further  energy  transferred  to  the  gas  again  Is 
imparted  only  to  translational  motion,  and  the  ratio  of  specific  heats,  y  ,  will 
Increase.  The  decrease  and  Increase  of  y  may  occur  again  If  at  still  higher 
temperatures  further  energy  sinks  <e.g..  Ionization)  become  available.  Eventually, 
when  all  the  possible  dissociation  and  Ionization  have  occurred,  the  value  of  y  will 
be  that  of  a  monatomic  gas,  5/3.  The  y  variation  for  hydrogen  gas  Is  sketched 
for  a  constant  pressure  and  for  a  constant  entropy. 
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In  general,  for  heated  propellant  gases  the  value  of  y  Is  less  than  It  would  be  at 
room  temperature. 

An  approximate  method  of  accounting  for  this  change  In  y  during  the  expansion  of 
the  propellant  gas  is  to  assume  the  Isentroplo  relation 

p  =  p“K(8)  (SO-i: 

where  K  is  a  constant  for  a  given  isentrope  and  the  exponent  "n"  Is  fitted  by  the 
equation  to  the  actual  isentroplc  p-/0  relation.  Thus,  n  Is  not  equal  to  the 
ratio  of  specific  heats  y  ,  but  is  an  “effective  y"  for  the  Isentroplc  expansion. 
BJork*^^  has  pointed  out  that  a  constant  n  value  for  hydrogen  Isentropes  fits  the 
calculated  data  very  well  (see  Section  66)  . 


■ 


*  However,  the  hydrogen  data  BJork  uses  does  not  take  Into  account  the  non-ideal Itles  due  to 
high  density. 
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since  at  the  high  temperatures  the  y  Is  generally  lower  than  that  of  an  Ideal  gas 
at  lower  temperature,  the  exponent  “n"  la  also  generally  less  than  the  y  of  the 
Ideal  gaa. 

Because  of  the  Ionization  and  dissociation  that  ooours  at  elevated  temperatures,  the 
number  of  particles  (atoms,  molecules.  Ions,  and  electrons)  is  Increased.  As  the 
propellant  gas  expands  the  number  of  particles  decreases.  Thus,  the  thermal  equation 
of  state  takes  the  form 

p  =  p(l  +  a)RT  (60-2) 


where  a  Is  the  fraction  of  the  additional  particles  and  Is  obtained  from  a  fit  of 
this  equation  to  the  real  gas  over  the  range  of  the  gas  expansion.  The  variation  of 
ol  for  hydrogel^  gas  Is  shown  In  the  sketch. 


Equations  (60-1)  and  (60-2)  thus  approximate  the  behavior  of  a  real  gas  expanding 
from  a  high  temperature,  ''' 


133 


From  these  equations  one  finds  for  the  isentrope 


and 


ap  = 


VII  p 


+  S)RT 


n+i 

2Tl 


(60-3) 


(1  +  a)RT,  [:>,) 

where  the  subscript  "0"  refers  to  the  initial  state. 


(60-4) 


If  ap  and  p  are  oompared  to  the  corresponding  expressions  for  an  ideal  gas  at 
the  sane  initial  pressure  and  temperature,  the  following  ratios  are  obtained; 


^^^^real.  high  T 
^“^hdeal 


^^^real.  high  T 

<(^hdeal 


(60-6) 


(60-6) 


Upon  examination  of  these  equations,  it  becomes  obvious,  since  n  is  less  than  y 
and  a  is  positive,  that  these  ratios  are  both  less  than  one;  that  is,  ap  and  p 
for  the  real  gas  are  less  than  the  corresponding  quantities  for  the  ideal  gas.  (This 
la  true  even  if  a  is  equal  to  zero,  which  is  the  case  for  no  ionization  and 
dissociation).  Verification  of  this  is  seen  in  Figure  31,  where  these  ratios  are 
plotted  as  a  function  of  p  for  the  expansion  of  an  air  isentrope  with  initial 
conditions  of  pressure  equal  to  100  atmospheres  and  temperature  equal  to  8684°K,  A 
sketch  of  Figure  31  is  shown  here.  Ihe  data  for  real  air  were  obtained  from 
References  43  and  44. 


Ihus,  according  to  the  orlteris  (i)  and  (11),  a  real  gas  at  high  temperature  will 
be  a  better  propellant  than  an  ideal  gas^at  the  same  temperature  and  pressure  In  both 
the  chambered  and  constant  diameter  guns  . 

It  is  to  be  remarked,  however,  that  a  simplification  in  calculation  is  possible  In 
the  case  of  a  gun  in  which  the  propellant  is  raised  in  temperature  by  a  given  amount 
of  energy  (or,  for  example,  by  being  compressed  by  a  moving  piston  of  given  kinetic 


*  It  nay  be  that  during  expansion  of  the  propellant  gas,  eome  of  the  inodes  are  not  in 
equilibrium  and  lag  the  translational  mode;  then,  as  a  first  approximation,  the  V  and  “or' 
would  be  adjusted  to  reflect  this  condition.  Such  lags  would  tend  to  Inorease  a  and 
decrease  n  ,  producing  better  propellant  performance. 
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energy  as  in  a  two-stage  gun)  If  only  moderate  amounts  of  dissociation  occur.  In  this 
case,  experience  has  shown  that  the  calculated  results  with  the  assumption  that  the 
propellant  gas  is  Ideal  are  very  nearly  the  same  as  obtained  by  taking  into  account 
the  effects  of  high  temperature  on  the  gee  behavior.  Thin  is  true  because,  for  a 
given  energy  input,  the  ideal  gas  would  rise  to  a  higher  temperature  than  the 
vibrating,  dissociating,  ionizing  real  gas;  hence,  the  higher  temperature  ideal  gas 
would  tend  to  behave  as  the  lower  temperature,  lower  y  ,  more  particle,  real  gas. 

An  example  comparing  the  performance  of  a  dissociating  propellant  gas  to  that  of  the 
propellant  gas  if  undissociated  is  given  in  Appendix  II  of  Reference  28. 


Section  61 

Introductory  Remarks  Concerning 
a  Dense  Propellant  das 

If  the  density  of  the  propellant  gas  in  a  gun  is  sufficiently  high,  the  gas 
molecules  will  be  close  enough  to  each  other  so  that  the  intermolecular  forces 
between  them  will  influence  their  behavior.  Under  these  oiroumstanoes  the  ideal 
equation  of  state  does  not  describe  the  gas,  and  there  is  a  possibility  that  the 
behavior  of  the  propellant  gas  upon  expansion  will  be  substantially  different  from 
that  of  an  ideal  gks.  If  the  gas  is  highly  compressed,  the  intermolecular  forces 
which  exist  are  predominantly  repulsive  in  nature  and  tend  to  push  the  moleoules 
further  apart;  if  the  gas  is  allowed  to  expand  to  a  less  dense  state,  the  forces 
between  the  molsoules  become  predominately  attractive  in  nature  and  tend  to  pull  the 
molecules  closer  together.  If  the  gas  Is  still  further  expanded,  the  Intermolecular 
forces  become  negligibly  small,  and  the  gas  behavior  may  be  dosorlbed  by  the  equations 
for  an  ideal  gas. 
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It  Beum»  reusonaDie  to  suppose  th&t  repulsive  forces  between  molecules  would  tend 
to  accelerate  the  gas  flow  compared  to  a  gas  with  no  Intermolecular  forces  (that  Is, 
compared  to  sn  Ideal  gas),  and  that  attractive  forces  would  tend  to  retard  the  gas 
flow.  Thus,  by  this  supposition,  a  highly  compressed  dense  propellant  gas  upon 
expanding  would  flow  more  rapidly  than  an  Ideal  gas  until  It  reached  the  region  where 
its  density  was  low  enough  so  that  the  attractive  field  predominated;  then,  the  gas 
would  expand  at  a  slower  rate  than  an  Ideal  gas  until  Its  density  was  sufficiently 
low  so  that  the  Intermolecular  forces  would  be  negligible;  thereafter,  it  would 
expand  as  an  Ideal  gas. 

This  simple  picture  of  the  effects  of  Intermolecular  forces  on  the  expansion  of  the 
driver  gas  does  not,  however,  take  Into  account  two  important  factors.  One  is  the 
difference  in  nature  between  repulsive  forces  and  attractive  forces;  the  repulsive 
forces  between  molecules  are  "short  range"  forces  and  act  only  over  short  distances 
relative  to  the  longer  range  attractive  forces  which  exert  influence  over  relatively 
much  longer  distances,  Thus,  the  Influence  of  repulsive  forces  on  the  expansion  may 
well  be  different  In  magnitude  than  that  of  the  attractive  forces.  The  second 
factor  not  taken  Into  account  by  the  simple  picture  above  is  the  relation  between 
Intermolecular  farces  and  the  geometry  of  the  gun.  In  a  non-uniform  orosB-seotion 
gun  the  driver  gas  expands  from  a  chamber  to  a  smaller  tube;  during  the  expansion  the 
flow  Is  basically  steady  In  the  transition  section  between  chamber  and  tube  and 
unsteady  elsewhere.  It  Is  difficult  to  ascertain  the  effects  of  the  Intermolecular 
forces  on  the  combined  steady  and  unsteady  flow  whloh  results  from  the  non -uniformity 
of  the  shooktube. 

It  Is  the  purpose  of  the  following  sections  to  discuss  the  effects  of  this  type  of 
nou-ldeallty  due  to  high  density  on  the  behavior  of  the  expanding  propellant  gas. 

The  expansion  In  both  the  constant  diameter  gun  and  the  chambered  gun  will  be 
examined. 


Section  63 

The  Moderately  Dense  Propellant  Oas 
In  an  x^  =  <»  ,  pp  Oun 

(a)  The  van  der  Waals  Gas  -  A  model  for  a  Moderately  Dense  Gas 

The  van  der  Waals  equation  of  state  will  be  used  to  approximate  a  real  gas  at 
moderate  density.  This  equation  Is 


(p  +  2^*)  -  b^  =  RT  .  (62-1) 

The  terms  and  b  are  corrootlons  to  the  Ideal  equations  of  state  whloh  account 

for  the  attractive  and  repulsive  forces  between  molecules,  respectively.  If  it  Is 
assumed  that  at  zero  pressure  is  a  constant  (C^  ^  =  constant),  then  the  isentrope 
may  be  derived  from  Equation  (62-i)  as 

(p  +  ovo*)  =  K 
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where  K  is  a  function  of  entropy  only,  and  y  is  defined  as  (C^  ^  +  R)/Cy 


Since  the  values  of  anil  b|0  are  small  relative  to  one  at  moderate 

densities,  the  expressions  for  p  and  op  as  functions  of  p  may  be  simplified 
to  yield 
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In  the  derivation  of  these  equations,  terms  containing  the  square  of  the  terms 
ap‘/p  and  bp  and  higher  (or  their  product)  were  dropped  as  being  small  relative  to 
these  terms  themselves. 


The  effects  of  the  Intermoleoular  forces  are  evident  from  the  equations  for  ap 
and  p  ,  It  Is  seen  that  In  the  expression  for  ap  there  are  no  repulsive  terms 
present  (i.e,,  there  are  no  terras  containing  b),  but  attractive  force  terras 
(Involving  a)  are  present*.  These  attractive  terras  increase  up  from  the  ideal 
value,  and  therefore  act  to  retard  the  expansion  rate  relative  to  an  Ideal  gas 
(according  to  criterion  (1))  as  expected.  Blnce  the  repulsive  field  exerts  no 
Influence,  it  is  seen  to  be  ineffective  in  Improving  gun  performance  in  a  constant 
diameter  gun. 

Prom  an  examination  of  the  expression  for  p  ,  it  is  seen  that  the  density  as  a 
function  of  p  for  a  given  initial  pressure  and  temperature  is  altered  from  that 
of  the  ideal  gas  by  both  the  attractive  force  term  (containing  a)  and  repulsive 
force  term  (containing  b).  The  attractive  force  term  increases  the  density  p  ,  and 
thus  the  expansion  Is  retarded  relative  to  an  Ideal  gas  according  to  criterion  (D); 
the  repulsive  force  term  decreases  the  density  p  ,  and  thus  the  expansion  Is 
accelerated  relative  to  an  Ideal  gas.  It  Is  further  seen  from  the  equation  for 
density  that  when  the  Initial  density  (approximately  p^/RTg)  Is  Increased,  the 
density  p  is  decreased.  Thus,  the  effect  of  the  repulsive  forces  becomes  greater 
than  that  of  the  attractive  forces  with  Increasing  initial  density. 

It  is  apparent  that  the  dominating  effect  for  the  chambered  gun  (repulsive  or 
attractive)  would  depend  on  the  relative  magnitudes  of  the  constants  and  "b"  and 
the  initial  density  Pg  .  For  a  gas  such  as  helium  (and  to  a  lesser  extent  hydrogen) 
the  attractive  field  is  weak  relative  to  the  repulsive  field,  and  the  b  terra  would 


*  If  second-order  terms  are  taken  Into  account,  repulsive  terms  (with  b)  do  appear  in  the 
expression  for  a/?  for  the  van  der  Waals  gas;  thus.  In  the  case  of  extreme  densities,  there 
would  be  an  effect  of  the  repulsive  field  on  the  expansion  in  a  uniform  tube  (as  shown  by 
Dawson  and  Slawsky"^), 
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dominate.  Other  gases,  such  as  nitrogen  or  carbon  disulfide,  have  a  relatively 
strong  attractive  field.  The  van  der  Waals  constants  which  are  indicative  of  the 
relative  strength  of  the  repulsive  and  attractive  fields  are  given  In  the  table  for  a 
few  gases  , 


Propellant  Gas 

a  atm  (liters /mole)^ 

b  (liters/mole) 

Helium 

0.034 

0.024 

Hydrogen 

0.  24 

Nitrogen 

1.39 

0.  039 

Carbon  disulfide 

11.62 

0.  077 

It  may  be  concluded  from  the  above  discussion  that  at  moderate  density  the  effects 
of  molecular  forces  on  the  expansion  in  a  uniform  cross-sectional  area  tube  Is  to 
retard  the  expansion.  In  the  transition  section  the  effects  of  the  attractive  and 
repulsive  forces  tend  to  cancel  each  ether;  the  gas  flow  may  be  retarded  or 
accelerated  by  these  forces;  which  effect  dominates  depends  on  the  relative 
magnitudes  of  the  van  der  Waals  constants  and  the  density;  the  higher  the  density, 
the  mote  the  repulsive  field  dominates. 

(b)  The  Moderately  Dense  Beal  Propellant  Gas  in  an 
X(,  =  03  ,  PP  Gun 

The  above  conclusions  may  be  verified  by  examining  pressure-velocity  (p-u)  curves 
for  real  (actual)  gases  in  guns.  These  curves  are  calculated  using  Equations  (&9-1) 
through  (59-4)  with  the  gas  tabular  isentropio  data  fitted  to  a  semi -empirical  equation, 
as  explained  in  Section  86.  The  p-u  curve  for  nitrogen  at  moderate  density 
(Pg  =  340  atm,  T,  ~  25°C)  expanding  in  a  gun  is  shown  in  Figure  32.  It  is  noted  that, 
for  Oq/D^  =  1  ,  the  real  nitrogen  curve  falls  below  that  of  the  ideal  nitrogen. 

This  is  in  accord  with  our  qualitative  result.  For  a  diameter  ratio  of  infinity 
(infinite  ohambrage)  the  curves  are  very  nearly  coincident,  indicating  the  cancelling 
effects  of  the  repulsive  and  attractive  fields  -  again  in  accord  with  our  qualitative 
oonolusions.  (The  tendency  for  lower  p  at  a  given  u  in  the  lower  region  of 
pressure  is  due  to  the  fact  that  the  gas  state  approaches  the  strongly  attractive 
two-phase  region). 

It  would  seem  from  the  above  discussion  that  at  a  higher  density  the  effect  of  the 
repulsive  field  may  more  than  cancel  that  of  the  attractive  field  in  an  expansion  in 
a  chambered  gun.  This  is  seen  in  Figure  33  to  be  the  case  with  nitrogen  at  an  initial 
pressure  of  1,000  atmospheres  and  an  initial  temperature  of  25°C.  Here  is  seen  the 
remarkable  results  that  the  p-u  curve  for  the  real  nitrogen  falls  below  that  of  the 
ideal  gas  for  the  constant  diameter  shocktube  and  is  above  that  of  the  ideal  gas  for 
the  infinite  diameter  ratio  case. 


*  The  relative  strength  of  the  repulsive  and  attractive  fields  may  also  be  seen  from  on  examina¬ 
tion  of  the  force  constants  cr  and  e/k  which  occur  in  the  Leonard-Jones  equation  of  state. 
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That  this  result  agrees  with  criteria  (1)  and  (ii)  is  seen  from  Figure  34,  where  ep 
and  p  are  plotted  as  functions  of  p  for  this  case.  It  is  seen  from  this  figure 
that  the  real  nitrogen  should  expand  more  rapidly  than  the  ideal  in  the  transition 
section  (since  (P^ j-eal'^^^Hdaal  rapidly  in  the  constant  area  section 

<where  >  1). 


The  effects  of  diameter  ratios  other  than  one  and  infinity  have  also  been 
Investigated.  From  calculated  results  it  is  concluded  that  the  =  5  curve  is 

practically  the  same  as  the  curve,  and  that  a  diameter  ratio  curve  somewhat 

less  than  the  Dq/D^  =  2  curve  (say,  tlQ/D;  =  1.5)  would  lie  midway  between  the  one  and 
infinity  curves. 


REAL  No 
Po  =  lOO&ATM 

To  =  25®C 

=  1.5 


♦ 


(These  conclusions  are  true  for  ideal  gases,  and,  as  will  be  seen  below,  are 
approximately  true  for  real  gases  except  at  extremely  high  density) , 


Section  63 

The  Highly  Dense  Propellant  Gas  in  an 
Xq  =  CO  ,  pp  Gun 

(a)  The  Abel-Noble  Gas  -  A  Model  for  a  Highly  Dense  Gas 

In  the  very  dense  gas  the  molecules  are  so  close  together  that  the  repulsive  field 
is  extremely  large  relative  to  the  attractive  field.  To  describe  approximately  the 
behavior  of  such  a  dense  gas,  the  attractive  tern  (^’^l  in  the  van  der  Waals  equation 
is  neglected  and  the  equation 


f 
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p  f-  -  b'l  =  RT  (63-1) 

\P  / 

is  often  used.  The  terms  "Abel-Noble",  “Abel",  or  "covolume”  are  used  for  this 
equation  or  for  the  gas  that  the  equation  describes. 

Prom  Equation  (63-1)  and  the  thermodynamic  relation 


C 


V 


Jo 


(63-2) 


where  ^  .j,  is  are  zero  pressure  and  temperature  T  ,  It  is  found  that 


C 


o 


00,  T 


(63-3) 


.for  ihe  Abel -Noble  gas. 


Then  from  the  Olbbs  Law  equation  expressed  as 


ds 


C„  1 
dT  +  -T 


(63-4) 


and  the  assumption  that  ^  .j  la  constant,  the  iaentrope  for  the  Abel -Noble  gas 
is  obtained  as 


(63-5) 


where  K  is  a  function  only  of  entropy.  This  Isentroplc  equation  (63-5)  is  especially 
useful  in  interior  ballistics  calculations  and  is  very  convenient  to  use,  (In 
Section  66  a  similar  equation  applicable  to  actual  propellants  is  discussed) . 


The  expressions  for  ap  and  p  as  a  function  of  p  may  be  obtained  from 
Equations  (63-1)  and  (63-5)  as  , 


ap 


(63-6) 


(63-7) 


By  comparing  Equation  (03-6)  for  ap  with  the  corresponding  expression  for  an  ideal 
gas  (Equation  (58-3)),  it  is  seen  that  the  two  expressions  are  identical.  The  pressure- 
velocity  history  during  an  expansion  of  an  ideal  gas  and  that  of  on  Abel-Noble  gas 
from  the  same  initial  temperature  and  pressure  in  a  constant  diameter  tube  are  there¬ 
fore  identical;  from  this  point  of  view  there  is  no  effect  of  the  repulsive  field  on 
the  expansion  in  a  constant  diameter  gun. 
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This  result  is  as  expected  from  the  previous  result  with  the  van  der  Waals  equation  at 
moderate  density.  (However,  in  the  case  of  extremely  high  density  there  probably 
would  be  some  effect  of  the  repulsive  field,  as  evidencert  by  the  theoretical  work  of 
Reference  45).  Thus,  repulsive  forces  are  again  seen  to  be  Inefficient  in  improving 
driver  gas  performance  in  a  constant  diameter  section. 

In  the  case  of  an  ideal  propellant  gas,  the  initial  sound  speed  a^  was  found  to 
be  a  criterion  for  the  merit  of  the  gas.  The  sound  speed  of  an  Abel  gas  is  much 
above  that  of  an  ideal  gas  at  the  same  temperature  and  pressure, 


y-i 

r 

a  =  /yRTj 

'p‘ 

iy 

Yi 

a 


0 


v^yRT.- 


1  + 


RT„ 


Yet,  as  shown  above,  the  ideal  propellant  gas  and  the  Abel  propellant  gas  at  the  same 
initial  temperature  and  pressure  would  produce  the  same  constant  diameter  gun 
performance.  Hence,  the  acoustic  velocity  is  not  an  indicator  of  the  merit  of  a  real 
propellant  gas  as  in  the  case  of  an  ideal  propellant  gas  , 

The  Abel-Noble  expression  for  p  is  different  from  that  of  the  ideal  gas  Equation 
(58-4)  by  the  presence  of  the  covolume  term  b  which  decreases  it  as  a  function  of  p 
for  given  initial  Pj  and  .  Therefore,  in  an  expansion  (from  a  given  pressure 
and  temperature)  in  a  transition  section,  a  highly  dense  real  gas  will  expand  more 
rapidly  than  an  ideal  gas^  Thus,  the  repulsive  field  is  again  seen  to  be  efficient 
in  improving  gun  performance  in  the  transition  section. 


*  However,  it  should  be  noted  that  initial  temperature  still  retains  a  dominant  role  for  the 
Abel  gas  in  an  Xg  ■*  oo  ,  pp  chambered  or  unohiunbered  gun.  This  is  seen  from  an  examination 
of  Equations  (63-7)  and  (63-6);  from  these  equations  it  is  evident  that  a  higher  initial  Tq 
yields  a  higher  projeotlle  velocity  for  a  given  b  and  p^  . 

t  Another  way  to  understand  the  gain  in  velocity  in  a  oovolume  gas  in  a  steady  expansion  is  to 
note  that  the  enthalpy  has  an  additional  term,  pb  ,  which  the  ideal  gas  does  not;  thus 
h  •  C„  ,T  +  pb  +  RT  for  the  oovolume  gas. 

0  OOl  1 
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Thoao  vomariro  or-o  bome  c’jt  Is  Fis"rc  35  “'here  the  p  u  curves  arc  shoviri  for  a 
y  -  7/5  gas  with  and  without  covolume;  the  diameter  ratio  one  case  (no  chambrage 
case)  and  the  diameter  ratio  Infinity  (Infinite  chambrage  case)  are  Illustrated.  A 
covolurae  parameter  b/(V(,  -  b)  equal  to  100  is  used  for  this  curve  . 


It  is  seen  that,  for  the  constant  diameter  gun,  the  p-u  curve  of  the  ideal  gas 
(l.e.,  the  gas  with  b/(Vg  -  b)  =0)  Is  coincident  with  that  of  the  oovolume  gas 
(b/(Vg  -  b)  =  100),  However,  for  the  Infinite  chambrage  case  the  effect  of  oovolume 
Is  seen  to  Increase  the  pressure  for  a  given  velocity  by  a  huge  amount, 

(It  is  to  be  remarked  that  the  velocity  In  these  and  other  curves  for  the  Abel -Noble 
gas  Is  made  dlmenalbnless  by  dividing  by  a  paramete^whloh  has  a  factor  '^TPq^Vq  -  b)  , 
Thia  factor  would  equally  well  be  expressed  as  by  use  of  the  thermal  equation, 

Equation  (63-1).  Thus,  a  given  dimensionless  velocity  indicates  a  given  velocity  for 
a  given  initial  temperature.  The  reason  the  factor  /7Pj(Vj  -  b)  Is  used  is  to 
emphasize  the  fact  that  the  p-u  curve  is  derived  only  from  the  isentroplc  equation. 
Equation  (63-S);  thus,  when  real  gas  data  are  fitted  to  an  Isentroplc  equation  similar 
to  the  Abel-Noble  equation,  the  p-u  curve  for  It  may  be  calculated  without  regard 
to  the  thermal  equation  of  state  and  the  velocity  made  dimensionless  in  a  like  manner). 

The  effects  of  a  value  of  the  oovolume  parameter  equal  to  B.OO  for  the  y  =  7/5 
gas  Is  seen  In  Figure  36  where  p-u  plots  are  shown.  Here  again  the  repulsive  forces 
(which  are  accounted  for  by  the  covolume)  are  seen  not  to  affect  the  uniform  diameter 
expansion,  but  do  Increase  the  pressure  for  a  given  velocity  (or  Increase  the  velocity 
for  a  given  pressure)  In  the  chambrage  cases, 

It  has  been  observed  from  other  calculated  results  that  the  diameter  ratio  curve 
which  is  midway  between  the  Dj/Dj  =  1  and  D/Dj  =  oo  curves  Is  2  for  the 
b/(V(,  -  b)  =  8.09  (very  dense)  gas  and  3  for  the  b/(V(,  -  b)  =  100  (extremely  dense) 

gas  case. 


*  Ihla  dlnenalonleaa  parameter  is  the  ratio  of  volume  occupied  by  gas  molecules  to  the  volume 
not  occupied  by  gas  loolaoules  -  the  larger  this  ratio  le,  the  larger  is  the  oovolume.  This 
parameter  occurs  conveniently  In  the  equations  of  an  Abel  gas.  A  value  of  this  parameter 
equal  to  100  Is  an  extremely  large  value;  a  value  equal  to  about  10  Is  what  nitrogen  or 
hydrogen  gss  at  a  pressure  of  around  10,000  atmospheres  and  room  temperature  would  possess  as 
seen  from  Bridgman’s  data''*.  \ 
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The  escape  velocity  (the  velocity  that  the  propellant  gas  attains  when  it  expands 
Into  a  vacuum)  Is  seen  from  Figure  37  to  be  Increased  by  the  repulsive  forties  in  the 
cases  with  charahrage,  Tn  this  figure  the  dimensionless  escape  velocity  is  plotted  as 
a  function  of  the  parameter  b/Vj  (the  covolume  divided  by  the  total  volume).  For  the 
no-chambrage  case  (D^/Dj  =  1)  the  escape  velocity  Is  unaffected  by  the  repulsive 
forces  -  it  is  the  same  as  for  an  ideal  gas;  however,  for  chambered  guns  the  enormous 
influence  of  these  forces  is  evident  in  the  figure. 


In  fact,  for  large  b/v,  the  escape  velocity  may  be  shown  to  be  equal  to  the  product 
of  the  area  ratio  and  the  escape  velocity  of  a  covolume  gas  In  a  gun  with  no  chambrage; 
viz,, 


'*080 


and  becomes  infinite  for  infinite  chambrage. 


(63-8) 


(b)  The  Highly  Dense  Heal  Gas 

Hie  same  effects  of  the  Intermolocular  forces  as  appeared  In  the  Abel -Noble  gas  are 
evident  in  real  (actual)  gases  at  very  high  densities,  Figures  38  and  39  show  a  comparison 
between  real  nitrogen  and  ideal  nitrogen,  In  Figure  38  the  pressure-velocity  curves  are 
compared  for  an  initial  condition  of  nitrogen  at  a  pressure  of  3,000  atmospheres  and 
temperature  of  26°C,  For  the  no-chambrage  case  (D^/Dj  =  1)  the  ideal  and  real  curves 
are  very  close  together*.  For  the  infinite  chambrage  case,  the  real  gas  curve  as  tor 
the  Abel  gas  model  is  much  above  that  of  the  Ideal  curve  and  demonstrates  the  expected 

Increase  due  to  the  repulsive  forces. _ 

*  Ihe  escape  velocity  ia  evaluated  from  the  equation 


with  the  condition  that  the  flow  is  sonic  at  the  barrel  entrance,  l.e,, 

•  t 


t  Since  in  the  lower  region  of  pressure  the  influence  of  the  two-phase  region  is  felt,  the 
attractive  forces  preaomlnate  and  cause  the  real  gas  curve  to  fall  below  the  ideal  gas  curve. 
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Like  effects  are  evident  In  F'lfi’nre  whorA  IHoqI  onH  f*Aa1  n<{4-rn  (von  nT*o 

—  •  -  -  - -  -  •  —  —  --  —  -•*►-*-*•*  —M 

at  a  higher  initial  pressure,  6,000  atmospheres,  at  25°C.  Here  the  repulsive  effect  is 
seen  in  the  no-chambrage  case  as  well  as  in  the  infinite  chanbrage  case  where  it  is 
most  striking. 


Similar  evidence  of  the  real  gas  effects  on  the  expansion  in  guns  is  shown  in 
Figure  40  where  p-u  curves  for  ideal  and  real  hydrogen  are  compared  at  initial 
conditions  of  p^  =  2190  atmospheres,  Tj  =  1B0°C,  The  repulsive  effect  is  apparent. 

The  effect  of  chamber  diameter  on  the  dense  real  gas  has  been  calculated.  It  has 
been  found  that  the  Dg/D^  »  6  case  is  almost  the  same  as  the  D/D,  =  oo  case,  and 
that  a  Dj/Dj  eqiual  to  slightly  less  than  2  (about  IH)  is  halfway  between  the  1  and 
CO  cases, 


Section  64 

SuraarlTsing  Remarks  on  Dense  Propellant 
flaaen  in  an  =  oo  ,  pp  Gun 

It  has  been  demonstrated  that  the  behavior  of  a  dense  propellant  gas  in  an  Xg  =  oo  , 
PP  gun  may  be  considerably  different  from  that  of  an  ideal  gas.  This  difference  is 
due  to  the  existence  of  attractive  and  repulsive  forces  which  act  between  the  gaa 
molecules.  The  attractive  forces  tend  to  decelerate  the  expansion  rate  relative  to 
an  ideal  gas  and  thus  adversely  affect  gun  performance;  the  repulsive  forces  tend  to 
accelerate  the  expansion  rate  relative  to  an  ideal  gas  and  thus  Improve  gun  performance. 

At  very  low  gaa  densities  the  Intermolecular  forces  which  exist  are  negligible;  at 
higher  densities  the  forces  are  predominately  attractive.  At  still  higher  densities 
the  repulsive  forces  predominate.  The  effectiveness,  however,  of  these  forces  on  gun 
performance  depends  on'  the  geometry  of  the  gun.  It  is  found  that  the  attractive 
forces  are  much  more  effective  relative  to  the  repulsive  forces  during  an  expansion 
in  a  uniform  cross-sectional  area  gun;  whereas,  both  types  of  forces,  attractive  and 
repulsive,  are  effective  when  expanding  in  a  non-uniform  gun.  It  is  to  be  noted  that 
acountic  velocity  is  not  a  measure  of  the  merit  of  a  real  propellant  gas  as  it  is  for 
an  ideal  propellant  gas.  Qualitatively  low  ap  (acoustic  impedance)  as  a  function 
of  pressure  for  the  isontrope  is  desirable  for  good  propellant  performance  in  a 
constant  diameter  gun;  for  a  chambered  gun,  low  p  (density)  as  a  function  of 
pressure  for  the  Isentrope  is  desired.. 
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The  effects  of  the  propellant  gas  density  on  gun  performance  are  summarized  in 
the  table. 


Propellant 

Gas 

Dens  i  ty 

Relative  Magnitude 
of  Attractive  and 
Repulsive 
Intermolecular 
Forces 

xo  '=  oo  .  PP  Gun  Performance 
of  Real  Gas  Relative  to 

Ideal  Gas 

Do/Oi  ^  1 
Uniform  Gun 

Chambered  Gun 

Low 

Both  negligible 

Seme 

Same 

Moderate 

Attractive 

predominates 

Much  worse 

Somewhat  worse, 
or  same,  or 
somewhat  bettor 

Moderately  high 

Both  of  same 
order 

Worse 

Better 

Very  high 

Repulsive 

predominates 

Same  or 

somewhat 

bettor 

Much  better 

It  Is  remarkable  that  at  moderately  high  density  the  performance  of  a  real  gas  may  be 
worse  than  that  of  an  ideal  gas  in  a  uniform  diameter  gun,  but  better  in  a  chambered 
gun  (as  seen  in  Figure  33).  Thus,  the  gur)  In  this  region  of  density  becomes  a 
discriminator  between  the  attractive  and  repulsive  intermoleoular  forces.  At  very 
high  densities,  the  performance  of  a  real  gas  is  about  the  same  as  that  of  on  ideal 
gas  in  a  uniform  gun,  but  is  much  better  in  a  chambered  gun-  This  result  agrees  with 
that  obtained  from  the  Abel -Noble  equation  of  state  to  approximate  the  behavior  of  a 
very  dense  real  gas. 

To  describe  accurately  real  gas  behavior  a  semi -empirical  entroplo  equation  (similar 
to  the  Abel-Noble  equation)  has  been  fitted  to  tabular  data  with  success  (see  Section  66). 
From  the  isentrope  the  velocity  (and  thus  the  performance)  of  a  driver  is  evaluated  from 
the  j(dp/a£>)g  for  the  expansion  in  a  uniform  gun,  and  J(dp/p)g  for  the  nonuniform 
gun. 


Section  69 

Expansion  of  a  Real  Propellant  Gan  In  a  PP  Gun 
With  Finite  Length  Chamber 

It  is  reasonable  to  assume  that  the  effect  on  gun  performance  of  the  gas  non- 
idealities  when  the  chamber  length  x^  is  not  infinite  is  qualitatively  the  same  as 
when  Xj  la  infinite.  Each  such  finite  x^  case  requires  a  calculation  Involving 
all  the  Equations  (S9-1)  through  (89-5). 
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An  interesting  result  may  be  obtainer)  for  thn  ovppj; 
preburned  propellant  gun  for  which  is  finite  and" 
is  then  the  classical  Lagrange  ballistics  problem  with 
equation  of  state  is 


B  4  rtrt  MA  _ 


Dg/Dj  is  equal  to 
a  propellant  whose 


la  tiie 

one.  This 
isentropic 


P(v  -  b)’’'  =  K 


and  whose  thermal  equation  is 


(65-1) 


P(v 


b)  =  RT 


(65-2) 


Appendix  I  that  for  a  given  propellant  gas  mass  to  projectile 

flnj  .  "  ■>'  •  initial  P'-assure  and 

temperatures,  the  projectile  behavior  for  the  Abel  gas  is  precisely  the  same  as 
that  for  the  ideal  gas  in  a  D^j/D,  =  1  gun. 


general,  for  constant  diameter  guns  (D,/D^  =  i),  dense  real  gases  will 
yield  the  same  performance  as  ideal  gases  at  the  same  p.  and  T  if  the  mass  of  aass 

?»!  n!  Im'.JZ”'’  “  f™"  ‘  “■■“I  '»"«•  tt.  ainn 
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ROVL  GAS 


Y 

SAME  INITIAL 

/  o 

QI 


u.  (Ideal)  >  u  (Red) 


IDEAL  GAS 


Another  way  to  rationalize  In  this  instance  Is  to  think  in  terms 
the  sound  speed  in  the  real  gas  is  larger  than  in  the  ideal  gas. 
pressure  lowering  rarefactions  are  reflected  more  qulokly  to  the 
case  of  the  real  gas, 


of  the  sound  speed; 
Consequently,  the 
projectile  in  the 


For  Xj  <  00  chambered  guns,  dense  real  propellant  gases  will  yield  better 
performance  than  Ideal  propellant  gases  at  the  same  p^  and  T,  if  the  mass  of  gas 
0  is  the  same;  this  is  true  for  the  reasons  discussed  above,  that  is,  the  greater 
Jdp/p  for  the  real  gas.  However,  for  a  chambered  gun  having  a  fixed  finite  volume, 
the  real  gas  propellant  may  or  may  not  be  superior  to  the  ideal  gas  propellant 
depending  on  whether  the  real  gas  fdp/p  advantage  is  greater  or  not  than  the  real 
gas  small  Q  disadvantage, 


- 1 

REAL  GAS 

_ r 

- 1 

IDEAL  GAS 


FASTER  GUN  =  ? 


In  this  Instance  a  calculation  la  required  to  determine  tne  better  propellant. 


For  the  constant  base  pressure  two-ataKe  Runs  the  required  volumes  of  the  gun  may 
be  considerably  smaller  for  the  real  gas  than  for  the  ideal  gas  to  obtain  the  same 
performance  (see  the  discussion  in  Section  571. 


Section  66 

The  Use  of  a  Semi -Empirical  Entropic  Equation 
To  Approximate  Actual  Propellant  Gas  Behavior 

In  general,  the  gas  thermodynamic  properties  are  given  in  tabular  form;  in  this 
situation  the  fundamental  equations  of  Section  59  may  be  solved  numerically.  This  is 
a  long  and  tedious  process.  It  has  been  found  by  Seigel^' that  the  Isentropic  data 
of  dense  real  gases  at  temperatjires  between  150*^0  and  -150°C  and  pressures  up  to 
6,000  atmospheres  may  be  fitted  accurately  by  a  serai -empirical  entropic  equation  of 
the  form 


p(^.s)//3  (V  .  f)  =  /<  (66-1) 

where  /3  ,  f  ,  and  k  are  functions  only  of  entropy.  This  equation  has  been  fitted 
to  nitrogen,  argon,  and  hydrogen  data  at  temperatures  below  1B0°C  (Reference  41).  This 
equation  is  similar  to  the  Noble-Abel  (oovolurae)  equation  of  state  used  for  many  years 
by  ballistlcians  to  describe  propellant  powder  gas. 

pi/')'  (v  -  b)  =  constant  .  (66-2) 

The  seml-omplrloal  Equation  (66-1)  may  be  fitted  to  real  gas  data  with  much  greater 
accuracy  than  the  Abel  equation  because  of  the  fact  that  the  parameters  ,  f  ,  and  k 
may  vary  with  entropy. 

Evidence  to  date  Indicates  that  this  equation  nay  also  be  applied  to  propellant 
gacer  at  high  temperature  as  well  as  high  density,  Bjork'**’  was  able  to  fit  nigh 
temperature  hydrogen  gas  data  to  the  more  restrictive  equation 

pi/n  (V)  =  K'  (86-3) 

where  n  ,  and  K'  are  functions  of  entropy.  His  fit  covered  the  region  of 
hydrogen  data  from  100,000  Ib/ln’  and  12,000°K  and  below.  (However,  the  effect  of 
molecular  attraction  vas  not  accounted  for  in  the  data.) 

An  advantage  of  the  semi -empirical  equation  Is  that  it  may  be  conveniently  applied 
to  the  preburned  propellant  gun.  Thus,  from 

p(^-8)/^  (v  -  f)  -  K 
the  Riemann  function  cr  may  bo  evaluated  as 
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The  characteristic  equations  which  apply  to  the  constant  diameter  chamber  anri  herroi 
are,  as  before, 

3  3 

—  (u  ±  al  +  (u  t  a)  —  (u  ±  cr)  -  0  .  (66 -E 

3t  3x 

The  sound  speed  a  may  be  expressed  as 


where  P  is  defined  as 


^  i 


(66 -7) 


The  quasi-steady  energy  and  continuity  equations  relating  the  transition  section  exit 
and  entrance  become 


2 

i  +-_pf  — £  \ 


/3~  2  \  \°r, 


u„A„  1  +- 


=  uf  + 


2  /cr, 

1 


^  -  2  ^  V  O’! 


=  UjA^  1  + 


(86-8) 


(66-9) 


These  equations  may  be  applied  to  the  prebumed  propellant  gun  and  solved 
numerically  by  hand  or  machine.  In  such  a  calculation  It  is  usually  convenient  to 
make  the  equations  dimensionless  by  dividing  c  ,  u  ,  and  a  by  cr^  ,  and  dividing 
p  by  p,  .  It  is  interesting  to  note  Appendix  I,  where  it  is  shown  that  for  the  case 
of  a  constant  diameter  gun  =  1),  the  above  equations  when  expressed  in 

Lagrangian  coordinates  become  equivalent  to  those  of  an  ideal  gas. 


If  the  gas  described  by  the  semi -empirical  entroplo  equation  is  shocked,  it  is 
necessary  to  use  an  expression  for  the  internal  energy  v  (or  the  enthalpy),  Prom 
the  thermodynamic  identity 


(66-10) 


and  Equation  (66-1)  is  obtained 


V  =  g  +  )4p(v  -  f)(/3  -  2) 


(66-11) 


where  g  is  a  function  only  of  entropy. 

One  need  at  the  present  time  is  for  tabular  data  for  propellant  gases  such  as  helium 
and  hydrogen  which  include  the  non-ldcalltles  due  to  temperature  and  density.  (Some 
hydrogen  data  will  soon  be  available  from  the  National  Bureau  of  Standards, 
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WashltiKton.  DC.  accordltiK  to  Dr.  H.Woolev.  1  These  data  are  reaulred.  for  examole.  in 
order  to  design  a  constant  base  pressure,  two-stage  gun;  In  such  a  design,  as  discussed 
in  Section  57,  the  effects  of  the  non-ldealltles  are  extremely  significant  In  determining 
the  size  of  the  gun.  Toward  this  end  the  available  hydrogen  data  of  Wooley"  has  been 
extended  to  higher  density  and  the  results  fitted  In  Reference  100  to  Selgel’ s  Equations 
(66-1)  and  (66-11).  A  plot  of  the  fitted  constants  is  given  in  Figure  45,  Until  more 
reliable  data  are  calculated.  It  Is  recommended  that  the  information  in  Figure  45  be 
used  to  approximate  the  behavior  of  hydrogen. 


Section  67 


Remarks  on  Expansion  of  Liquids  and  Solids 

The  criteria  of  driver  gas  performance  applied  above  to  gases  may  be  equally  well 
applied  to  liquids  or  solids;  such  substances  under  huge  pressures  behave  like  very 
dense  non-ideal  gases  and  expand  in  a  "propellant  gas"  fashion.  It  Is  to  be  expected 
that  extremely  large  repulsive  forces  would  exist  within  the  liquid  or  solid  when  In 
this  highly  compressed  dense  state.  Therefore,  the  expansion  even  In  a  constant 
diameter  tube  of  a  liquid  or  solid  would  be  more  rapid  than  such  an  expansion  of  an 
Idealized  like  substance,  and  the  expansloti  in  a  chambered  gun  would  be  a'^reat  deal 
more  rapid  than  that  of  the  Ideal  substance. 


These  views  are  borne  out.  by  a  p-u  plot  of  the  expansion  of  high  density  water 
(Tg  =  26°C,  and  p^  =  100,000  atmospheres)  in  a  gun.  The  plot,  seen  In  Figure  41, 
shows  the  pressure -velocity  relation  for  water  expanding  in  a  gun  as  an  Ideal  gas 
(no  Intermoleoular  forces)  and  as  real  water. 


The  effects  of  the  repulsive  forces  arc  manifest  and  are,  as  expected,  much  larger 
for  the  chambered  than  the  uniform  gun. 


It  Is  to  he  remarked  that  the  Isentroplo  Iwhavior  of  solids  and  liquids  has 
often  been  approximated  by  the  Murghnahan  equation  of  state 


p  +  A 


(67-1) 
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whprp  A  Qnf)  n  n»2  2-piricslly  flttSu  ouiialnuLa* .  Tais  is  a  very  convenient 
equation  to  use,  since  the  expressions  for  the  thermodynamic  quantities  are  similar 
to  an  ideal  gas;  thus 


5  n(p  H  A) 

a'  =  - 

P 


h 


(67-2) 


(67-3) 

(67-4) 


where  cr  and  h  are  taken  to  be  zero  at  a  =  0  .  To  make  Equation  (67-1)  more 
flexible,  the  parameters  A  and  n  could  be  functions  of  entropy. 

Finally,  an  Isentropic  equation  of  state  oould  be  written  which  would  describe  the 
behavior  of  any  substance,  gas,  liquid,  or  solid; 

(P  +  A)(v  -  B)"  =  c 

where  A  ,  B  ,  o  ,  and  n  are  ftuiotlons  of  entropy. 


I 


.  /  . 


This  equation  was  used  to  obtain  Figure  41, 
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PART  XII.  REMABK.S  CONCERNINO  PRO.IECTILE 
VELOCITIES  -  PRESENT  AND  FUTURE 


Section  68 

Hie  Selection  of  a  Propellant 

It  is  not  always  obvious  which  propellant  is  best  to  use.  For  example,  a  preburned 
propellant  gun  having  relatively  small  chamber  volume  may  perform  better  with  air  than 
hydrogen  i.s  a  propellant. 


AIR 


HYDROGEN 


2500  FT/SEC 

h - 


2000  FT/SEC 

- ■» 


(This  results  from  the  fact  that  the  larger  0/M  of  air,  weight  of  propellant  to 
projeotlle,  being  much  greater  than  for  the  hydrogen,  may  offset  the  disadvantage  of 
air’s  low  sound  speed  relative  to  hydrogen’s.  The  calculation  for  a  given  case  may 
be  performed  using  Figures  20  and  21.  Of  course,  for  relatively  large  chamber  volumes 
hydrogen  becomes  far  superior. ) 

If  high  velocity  is  desired  (say.  about  15,000  ft/seo)  the  choice  of  propellants 
is  restricted  to  either  heated  hydrogen  or  heated  helium.  This  results  from  the  fact, 
as  has  been  pointed  out,  that  the  achievable  velocity  in  a  gun  is  practically  limited 
to  velocities  corresponding  to  a  '/Up/ap  equal  to  about  2. 8  to  3  (or  about  30  to  40% 
of  the  escape  velocity).  Moreover,  to  achieve  the  required  a^  ,  a  two-stage  gun  is 
necessary. 

As  between  hydrogen  and  helium,  hydrogen  gives,  in  general,  higher  projectile 
velocities  relative  to  helium;  its  temperature  is  lower;  this  results  in  less  heat 
loss  and  less  erosion. 

One  must,  however,  exercise  caution  in  the  use  of  hydrogen.  It  is  explosive  when 
reacted  with  the  oxygen  in  air.  In  addition,  hydrogen  embrittles  many  steels  when  it 
is  contained  at  pressures  above  600  atmospheres;  at  these  pressures  materials  (like 
certain  stainless  steels)  not  subject  to  hydrogen  embrittlement  should  be  used.  In 
the  case  of  a  two-stage  gun  the  embrittlement  problem  usually  does  not  occur  since  the 
initial  loading  pressures  are  low  and  the  peak  pressures  are  only  held  for  milliseconds. 
If  hydrogen  is  to  be  heated  and  maintained  at  high  temperature,  one  must  ascertain 
that  the  containing  vessel  is  not  attacked  by  the  hydrogen  ("hydrogen  attack’’). 
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Section  69 

Proposed  Schemes  to  Incrisase  Projectile  Velocities 

There  have  been  a  number  of  eoheinoe  attempted  in  order  to  increase  the  projectile 
velocities  in  guns.  (See,  for  example,  the  survey  made  by  Knapp A  few  will 
be  listed  below: 


(a)  The  Traveling  Charge  Gun  or  Rocket  Projectile 

In  this  scheme  the  projectile  is  propelled  in  part  or  entirely  as  a  rocket.  (See, 
for  example,  References  67  and  68. )  It  carries  a  propellant  attached  to  its  back  end 
which  burns  during  Its  travel  in  the  barrel. 


Up  to  date  this  scheme  has  not  produced  significant  velocity  increases  duo  to  the 
difficulty  of  burning  the  propellant  rapidly  enough. 

(b)  The, Addition  of  Energy  Along  the  Barrel 

At  successive  locations  along  the  barrel  energy  (electrical  or  chemical)  is  put 
Into  the  barrel  immediately  after  the  passage  of  the  projectile.  (See,  for  example, 
References  69,  104  and  111. ) 


This  scheme  has  not  been  successful  to  date. 


(o)  The  Varying  of  Barrel  and  Projectile  Geometry  to  Augment  the  Velocity 

The  use  of  tapered  gun  barrels,  either  sudden  or  gradual,  has  been  considered  with 
various  arrangements  of  projectile  and  projectile-sabot  geometry. 

Howell,  using  the  scheme  sketched  on  the  following  page  (right),  reports  achieving 
a  velocity  of  34,000  ft/sec  consistently  with  a  0.02  gm  sphere. 


METAL 


WITH  AND 
WITHOUT  POWDER 
BEHIND  PROJECTILE 


■PLASTIC 


(d)  Use  of  Electromagnetic  and  Electrostatic  Concepts  to 
Increase  the  Projectile  Velocity 

Various  sohenes  to  accelerate  projectiles  by  electromagnetic  and  electrostatic 
devices  have  been  proposed  and  tried  for  at  least  the  past  fifteen  years.  (See,  for 
example,  References  65,  66,  and  109. )  These  Include  attempts  to  directly  accelerate 
the  projectile  electromagnetlcally,  and  also  to  indirectly  accelerate  the  projectile 
by  accelerating  the  Ionized  propellant  gas.  To  the  present  time  the  use  of  electro- 
magnetic  concepts  does  not  offer  much  promise  of  producing  velocities  above  15,000  ft/seo 
for  heavy  projeotlles,  However,  for  small  masses  (less  than  O.Ql  gm)  these  types  of 
accelerators  have  achieved  velocities^ ‘  up  to  50,000  ft/seo  and  give  promise  of  higher 
velocities. 


(e)  Heating  the  Gas  in  the  Pump  Tube  of  a  Two-Stage  Gun 

Calculation  indicates  a  velocity  gain  If  the  helium  or  hydrogen  gas  In  the  pump 
tube  of  a  two-stage  gun  Is  Initially  heated,  or  heated  during  the  compression  stroke 
(see,  for  example.  References  48,  63,  64,  82,  and  rs).  Results  to  date  by  Arnold 
Engineering  Development  Center  Indicate  that  gains  of  2000-3000  ft/seo  have  been 
achieved  In  this  manner  at  a  projectile  velocity  of  30,000  ft/seo;  however,  Cable^°^, 
reports  no  gain  by  heating. 

In  summary,  the  various  proposed  schemes  (a)  through  (e)  may  prove  to  be  useful 
In  conjunction  with  a  two-stage  light  gas  gun  to  augment  projectile  velocity.  None 
of  the  schemes.  It  Is  felt,  will  Increase  the  projectile  velocity  by  more  than  15%. 

One  must  not  overlook  the  possible  use  of  shaped  charge  or  explosive  concepts. 
Such  concepts  have  resulted  in  the  acceleration  of  Miall  projectiles  to  very  high 
velocities  (up  to  60,000  ft/seo).  (See,  for  exui’tp'  \  »‘Xiorenoes  73  through  75, 
Reference  84,  and  Reference  109. )  These  oonoentM  ai;  -  l  <  Inn  advanced  with  two 
promising  new  schemes;  the  “implosion  driven"  v  .1  Olass’*  and  the  "gas 

injector"  of  Godfrey”.  (See  also  Reference  71.)  )n  t\’.,o;,ioatlon  of  all  of  those 
concepts  the  projectiles  must  be  rugged  to  wlthsit'nri  ;he  high  pressures  which  occur. 
A  discussion  of  strength  limitations  on  projeotrur,  is  given  by  Curtis^®*. 
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Section  70 

Presently  Obtained  Maximum  Projectile  Velocities 

The  maximum  velocities  obtained  experimentally  from  light  gas  guns  are  shown  in 
Figure  46;  this  figure  updates  the  information  contained  in  a  plot  by  Lukasiewicz^”, 
The  figure  is  shown  in  the  following  sketch. 
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A  listing  of  some  of  the  velocity  data  used  for  Figure  46  with  the  pertinent  gun 
characteristics  is  given  in  Table  I. 

It  is  seen  that  the  highest  velocities  are  obtained  for  the  smallest  mass 
projectiles.  Thus,  Charters’'*  has  reported  a  velocity  of  32,800  ft/sec  for  a 
0.07  gm  cylindrical  model.  A  sketch  of  the  two-stage  gun  used  by  Charters  is  shown 
on  page  1S5, 

Howell  has  reported^ consistent  34,000  ft/sec  velocities  with  0.02  gm 
projectiles  using  a  two-stage  gun  with  an  augmenter  technique”.  NASA  (Ames)  has 
achieved  a  velocity  of  37,060  ft/seo  with  a  0.040  gm  projectile*^”.  The 
performance  of  the  NASA  (Ames)  light  gas  guns  Is  shown  in  Figure  47. 
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TABLE  I 

Naxinum  Projoctlle  velociliea 


Organization 

Projectile 
^  Muzzle 
Velocity 
(ft/sec) 

In-Gun 

Projectile 

We  ight 
(gn) 

Barrel 

Diameter 

fin) 

Pump  Tune 
Diameter 
(in) 

Arnold 

25,600 

0.  27 

0.30 

Engineering 

24,  800 

0.41 

0.30 

Development 

26,700 

1.0 

0.5 

Center  (AEDC), 

29,  900 

1. 12 

0.  5 

Tennessee 

26,  100 

1.6 

0.5 

1.68 

Royal  Armaoient 

30. 100 

0.08 

0.26 

1 

Research  and 

27. 800 

0. 106 

0.25 

,  1 

Development 

28,  400 

0.14S 

0.25 

1 

Establishment 

27,  000 

0.2 

0.26 

1 

<RAR0E),  Kent 

England 

20,  200 

0.24 

0.  26 

1 

US  Naval 

26, 900 

0.60 

2 

ordnance 

22, 000 

1.6 

6 

Laboratory  (NOL). 

19,000 

1.6 

5 

White  Oak, 

17,800 

2 

6 

Silver  Spring', 

18,200 

2 

5 

Maryland 

10,600 

^  _ 

8 

Canadian  Armament 

25. 000 

0.20 

0.26 

1.66 

Research  and 

16,000 

8-14 

0.78 

2.28 

Development 

17,600 

65-76 

1.6 

4 

Establishment 

(CARDE), 

Quebec,  Canada 

18,900 

850-1000 

4 

10 

US  Naval 

31,200 

0.  536 

0.3 

1. 14 

Research 

28,600 

10 

0.83 

3.26 

Laboratory  (NRL), 

13.54 

0.83 

3.26 

Washington,  DC 

18,200 

24.0 

0.83 

3.25 

18,300 

253 

2.6 

8.2 

16,400 

462 

2.6 

8.2 

NASA 

35,600 

0. 062 

0.22 

1.77 

Ames  Research 

32,300 

0.091 

0.22 

1.77 

Center, 

31,600 

0.100 

0.22 

1.28 

Moffett  Field, 

28, 800 

0. 19 

0.28 

0.78 

California 

30,500 

0.80 

0.50 

2. 13 

26,800 

6.9 

4.00 

I OUW 

37,060 
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.07  GRAM  PROJECTILE 


Obtaining  theae  high  velooitles  with  larger  projectiles  is  certainly  possible  in 
principle  by  scaling  up  the  gun  system.  However,  the  cost  and  sizes  involved  may  make 
such  scaling  impractical.  (Thus,  the  gun  sketched  would  be  250  ft  long  if  scaled  up  by 
a  factor  of  ten  to  fire  a  70  gm  2.2  in  projectile  at  32,800  ft/'sec. ) 


The  plot  of  data  in  Figure  46  and  in  the  sketch  does  not  Indicate  the  present  lesser 
velocity  capabilities  of  propelling  fragile  projectiles,  for  example,  cones;  such 
fragile  projectiles  often  must  be  saboted  and  designed  to  be  aerodynanlcally  stable. 
Charters^”’,  has  reported  the  repeated  successful  launching  of  cone  models  at 
velocities  up  to  24,000  ft/seo;  these  cones  had  half  angles  between  6M  degrees  and  12K 
degrees.  He  also  has  launched  saboted  glass  spheres  at  about  27,000  ft/seo. 

T. Canning  of  Ames  Researoh  Center  (NASA)  has  launched  saboted  elumlnum  spheres  at 
32,000  ft/seo, 


Section  71 
niture  Possibilities 

Although  the  Increase  of  projectile  velooitles  from  guns  has  been  rather 
phenomenal  In  the  last  20  years,  it  is  predicted  that  the  increase  will  continue  and 
that  projectile  velocities  in  excess  of  60,000  ft/seo  will  be  obtained  for  projectiles 
weighing  more  than  0. l  gm  by  1985. 


This  increase  In  velocity  vlll  result  from  the  following  advances; 

(i)  Application  of  the  constant  base  pressure  principle. 

(11)  Inproveoent  In  the  design  and  strength  of  projectiles  and  guns. 

(Ill)  Perhaps  some  augmentation  by  one  of  the  techniques  discussed  in  section  69. 
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APPFNniy  A* 

Derivation  of  the  Expression  for  the  Time 
Rale  of  Ctiange  of  a  Quantity 


Let  P  denote  a  quantity  which  depends  only  on  position  x  and  time  t  .  This  is 
expressed  by  the  equation 

P  =  P(x,t)  (A-1) 

P  is  called  the  dependent  variable;  it  depends  on  the  values  of  x  and  t  .  which 
are  thus  called  the  Independent  variables.  For  every  value  of  x  and  t  ,  Equation 
(A-1)  states  there  is  a  determined,  definite  value  of  P  ,  This  may  be  shown  by 
looking  at  an  x-t  plane  as  in  the  sketch. 


1 


For  point  A  the  x  and  t  values  arb  x.,  and  .  Corresponding  to  this  point 
Is  a  value  of  P  ,  that  Is,  P;^  .  Slmllarlyi  the  x  and  t  values  of  point  B 
deterailne  a  value  of  Pg  . 

Let  It  be  desired  to  determine  the  change  In  P  In  going  from  point  1  to  a  point 
2  very  close  (differentially  close)  to  point  1. 


t 


The  change  In  P  ,  In  going  from  1  to  2,  will  be  designated  as  dP  . 

dP  =  P,  -  P,  . 


(A-2) 


*  This  elementary  dUoueelon  Is  to  be  omitted  by  the  reader  fiuil liar  with  partial  derivatives, 
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To  obtain  the  change  In  P  ,  one  may  think  of  starting  at  point  1  and  proceeding  to 
point  2,  noting  the  change  in  P  during  the  movement.  It  matters  not  which  path  is 
chosen  to  go  from  point  1  to  2;  the  dlfforenco  dP  will  always  be  the  same;  this  is 
true  because  the  value  of  P  at  each  of  the  points  1  and  2  depends  only  on  the  values 
of  X  and  t  at  each  of  the  points  1  and  2  by  Equation  (A-1).  Hence,  their  difference 
dP  depends  not  on  the  path  chosen  to  go  from  one  point  to  the  other,  only  on  the  end 
points. 

It  is  convenient  to  choose  a  path  between  points  1  and  2  which  is  first  a  constant 
X  line  and  then  a  constant  t  line,  as  Indicated  in  the  sketch. 


*2 


Ihe  selection  of  this  path  allows  a  simple  oaloulatlon  of  the  desired  dP  .  For  this 
path 

..  /dP  due  to  change  in  tN  JiV  due  to  change  in  x\ 

\  at  constant  x  y  \  constant  t  / 

Let  the  first  term  on  the  right  of  the  equation  be  found  by  the  following  procedure. 
From  a  knowledge  of  P  =  P(x,  t)  ,  one  could  plot  P  as  a  function  of  t  for  a  number 
of  given  x*  a  as  sketched. 


Let  the  constant  Xj  line  which  is  the  path  of  Interest  be  considered. 

1 

P 
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The  rsrt  of  this  line  to  be  ixamlueu  la  the  differential  segment  between  t  =  tj  and 
t  =  tj  .  This  part  of  the  line,  being  only  of  differential  length,  may  be  considered 
a  straight  line  of  slope  tan  9  , 


Then  from  the  sketch 


dP  due  to  change  In  t 
dt 


=  tan  0 


(A-4) 


What  Is  tan  d  ?  It  is  the  slope  of  the  x-equal -constant  line  In  the  x-t  plane,  or 

tan  o  =  —  at  constant  x  =  x, 
dt  * 

which  Is  written  by  convention  as  a  partial  derivative, 


tan  6*  =  , 


X"x 


9t 


(A-5) 


where,  as  indicated,  the  subscript  on  the  partial  derivative  Is  sometimes  omitted. 
Equation  (A-4)  thus  becomes 


dP  due  to  change  in  t 
at  constant  x 


dt 


(A-6) 


Similarly,  It  will  be  found  by  considering  the  constant  t  =  t,  line  that 

^bpN 


dP  due  to  change  In  x 
at  constant  t 


Bx 


dx 


(A-7) 
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point  2  becomes 

3P  Bp 

dP  =  —  dt  +  —  dx  (A-8) 

ot  ox  * 

where  the  derivatives  are  evaluated  at  point  1  (or,  equivalently,  at  2  which  is 
infinitesimally  close  to  1).  Equation  (A-8)  follows  from,  the  fact  that 

P  =  P(x,t) 

and  is  often  written  directly  in  an  elementary  calculus  course. 

If  the  rate  of  change  of  P  with  time  is  desired,  i.e.,  dP/dt  ,  the  equation 
(A-8)  becames  after  division  by  dt 

dP  3P  dx  3p 

-  =  (A-0) 

dt  3t  dt  3x 

This  expression  is  meaningless  unless  dx/dt  is  specified;  dx/dt  is  a  direction 
or  velocity  in  the  x-t  plane,  Therefore,  if  one  desired  the  dP/dt  in  a  direction 
dx/dt  equal  to  V  (that  is,  if  going  at  a  velocity  equal  tc  V)  the  expression  for 
dP/dt  becomes 


L  3P  "dP 

L 


V  may  specify  any  desired  velocity.  Por  example,  the  rate  of  change  of  P  with 
time  when  moving  in  a  fluid  with  a  velocity  V  =  10  miles  per  hour  is 


'dx 
dt  ■ 


Bp  BP 

—  +  10  — 
Bt  Bx 


(A-11) 


If  one  desired  the  time  rate  of  change  in  P  experienced  by  a  gas  particle  movint 
in  the  flow,  the  value  of  dx/dt  would  be  the  velocity  of  the  gas  particle,  u  \  , 
Thus, 


dx 

■  u 

dt 


Bp  Bp 
Bt  ^  ”  Bx 


(A-12) 


Such  a  time  rate  of  change  when  going  along  with  a  gas  particle  is  thus  the  rate  of 
change  for  a  “material”  particle  or  “substanoe”  and,  hence,  is  often  termed  the 
"material”  or  “substantial”  derivative. 
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APPENDIX  B 

The  Derivation  of  the  One-Dimensional 
linsteady  Characteristics  Equatloris 


The  gas  flow  in  a  constant  diameter  tube  will  be  examined.  Let  a  layer  of  gas  of 
differential  length  dx  be  considered.  Across  this  layer  the  gas  thermodynamic 
properties  and  gas  velocity  all  change  by  differential  amounts  as  shown  in  the  sketch. 


time  t 


time  rate  of  mass  increase  = 

tt 

These  differential  amounts  are  all  small  changes  due  to  a  change  in  x  at  a  given  t 
thus 

dp  =  (Bp/3x)  dx 

du  =  (3u/9x)  dx  ■  (B-1) 

dp  =  (3/o/3x)  dx 

and  the  differential  change  In  products  may  be  similarly  expressed 

d(pu)  =  -  dx  .  (B-2) 

Bx 

The  continuity  equation  applied  to  this  layer  is 

3/0  3pu  ^p 

pu  =  pu  +  d(ou)  +  —  =  /ou  +  -r—  dx  +  — 
dt  ox  ot 


or 


IP 

3t 


0 


(B-31 


Tlie  acceleration  of  the  gas  layer  is 


1 


1 


I 
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Eauatlon  may  hn  tranBfnmmH  fn 


P 

dp 

=  -  do- 

(B-12) 

a 

dp 

=  ap  da 

(B-13) 

Equation  (B'12)  states  that 

a  differential  change  in  p 

is  equal  to  p/a  times  a 

differential  change  in  cr  . 

One  may  thus  write 

p  Ba 

Bt 

a  Bt 

(B-14) 

Bp 

p  Ba 

Bx 

a  Bx 

(B-15) 

Similar  reasoning  yields 

Bp 

Ba 

Bx 

=  ‘‘^bT  • 

(B-ie) 

It  iB  thus  seen  from  these  three  eQuatlons  that  the  gradient  in  the  Riemann  Function 
a  may  be  substituted  for  gradients  In  p  and  p  .  If  this  substitution  Is  made  In 
the  continuity  equation  (B-3)  and  the  momentum  equation  (B-4),  the  following  set  of 
equations  results: 


Bu 

Bt 


Bu  Bcr 

^  “bI  ^ 


0 


(B-n) 


Ba  3<r  Bu 

—  +  u  “■  +  a  “• 

Bt  Bx  Bx 


0 


(B-IB) 


By  adding  and  subtracting  equations  (B>17)  and  (B-18>  the  “oharaoterlstlos  equations" 
are  obtained. 


B  B 

~  (u  +  CT)  +  (u  +  a)  —  (U  +  cr)  =  0  (B-19) 

Bt  Bx 


B  3 

—  (u  -  cr)  +  (u  -  a)  —  (u  -  oo  =  0 
Bt  Bx 


With  the  notation 


Dt 


^+(u±a) 


_B 

Bx 


(B-20) 


I 


} 


(B-21) 
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these  cauatinns  may  he  wr^^■ton 


D 

—  (u  ±  0-)  =  0  .  (B-22) 

Dt 

The  characteristics  eQuations  <B-22)  are  equivalent  to  the  continuity  and  momentUD 
equations  provided  the  gas  pressure  is  determined  alone  by  density  (as  for  an 
Isentrope). 


APPENDIX  C 


Itie  Meaning  of  the  Characteristic  Theory 


The  ohsraoterlstio  eQuations  state  that  within  the  gas  there  Is  no  change  In  the 
quantity  u  ±  c  to  an  observer  traveling  with  the  velocity  u  ±  a  .  Equivalently, 
one  nay  state  that  along  a  oharaoteristlo  line  in  the  x-t  plane  (defined  by  a  slope 
u  t  a  In  this  plane)  the  quantity  u  ±  remains  constant.  Therefore,  on  the  x>t 

plane  two  s'ets  of  "oharaoteristlo  lines”  are  obtained:  one  with  the  slope  u  +  a  , 
ailong  which  u  +  o-  is  oonstant,  the  other  with  the  slope  u  -  a  ,  along  which  u  -  ir 
Is  constant,  The  two  sets  Intersect  and  form  what  Is  known  as  a  oharaoteristlo  net. 


167 


These  characteristic  lines  may  be  Interpreted  as  the  paths  of  disturbance  waves, 
since  as  one  goes  along  a  characteristics  line,  one  travels  at  the  same  speed  as  an 
acoustic  disturbance  would,  that  is,  at  the  local  sound  speed  relative  to  the  moving 
fluid.  (See  Equation  (6-4)  of  the  main  text.)  Thus,  the  characteristic  net  Is  quite 
naturally  viewed  as  a  net  of  interacting  disturbances.  The  number  of  disturbances  to 
be  considered  Is  arbitrary,  depending  only  on  the  number  of  characteristics  one  desires 
to  examine. 


To  moke  these  ideas  clearer,  consider  the  case  of  an  isentropic  flow  of  a  gas  In  a 
tube.  For  each  and  every  point  In  the  x-t  plane  which  describes  this  flow  there 
exist  corresponding  values  of  pressure,  gas  velocity,  temperature,  sound  speed,  etc. 

Let  the  area  on  the  x-t  plane  be  divided  Into  an  arbitrary  number  of  squares;  In  each 
square  let  the  value  of  "u  +  a"  which  exists  at  the  middle  of  each  of  the  squares  be 
written  as  shown  in  the  sketch,  where  numerical  values  have  been  written  for  illustration. 


Let  any  mid -point  of  any  square  In  the  x-t  plane  be  selected.  From  that  mid-point, 
draw  within  the  square  a  line  of  the  slope  equal  to  u  +  a  in  that  square,  When  the 
line  intersects  the  adjacent  square,  draw  a  new  line  in  the  adjacent  square  of  slope 
equal  to  u  +  a  in  the  adjacent  square.  Continue  this  process. 


t 


The  path  traced  by  the  above  procedure  is  a  line  of  slope  u  +  a  .  It  may  be  made 
as  smooth  os  desired  by  decreasing  the  size  of  the  squares,  it  is  a  "u  +  a" 
characteristic  line  and  along  It  the  quantity  u  +  cr  remains  constant.  This 
procedure  may  be  repeated  to  yield  as  many  u  +  a  lines  as  desired. 


168 


t - ► 


Along  each  u  +  a  line,  u  +  o-  Is  a  constant,  In  general,  a  different  constant  for 
each  line. 


A  like  procedure  could  be  applied  to  squares  containing  values  of  u  -  a  within 
each  square;  this  would  result  In  u  -  a  lines. 


A 


Start 


u  -  a  line 

t - ► 


On  each  u  -  a  line  the  quantity  u  -  cr  is  a  constant. 

As  a  result  of  the  property  that  the  quantity  u  ±  a  remains  constant  along  the 
disturbance  paths  of  slope  u  t  a  ,  the  behavior  of  the  gas  and  projectile  In  constant 
diameter  portions  of  a  gun  can  be  found  by  using  the  obarnoterlstlos  net;  In  general, 
a  numerical  procedure  is  necessary.  In  some  Instances  an  analytic  solution  occurs,  as 
for  the  case  of  the  simple  wave  region  discussed  in  Appendix  D. 
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APPENDIX  D 

Ihe  Simple  Wave  Region  in  a  D^/Dj  =  1,  PP  Oun 


Let  the  relevant  case  of  a  preburned  propellant  gun  of  D^/D^  =  1  be  considered. 

At  the  instant  the  projectile  begins  to  move,  a  "u  -  a"  disturbance  Is  sent  back 
towards  the  breech.  This  disturbance  travels  at  a  speed  equal  to  -Sq  ,  since  It  moves 
at  a  speed  of  u  -  a  Into  a  gas  at  rest  with  sound  speed  . 


During  each  succeeding  Instant  that  the  projectile  moves,  It  sends  back  toward  the 
breech  u  -  a  disturbance  waves.  In  the  sketch  the  projectile  path  Is  represented  as 
A-B-C-D'B. 

t 

X 


To  determine  more  concerning  the  behavior  of  the  gas  let  the  "u  +  a"  characteristic 
lines  which  extend  from  the  region  A-O-L  be  considered.  These  are  shown  dashed  in  the 
sketch. 


Ttie  region  A-O-L  Is  a  "rest"  region  In  whloh  the  gas  has  been  undisturbed. 
Conseciuently,  In  this  region  u  =  0  and  cr  =  ,  For  any  u  +  a  charaoterlstlo 

whloh  extends  Into  this  region,  e.g. ,  characteristic  R'S>T,  the  sum  of  u  cr  is 
therefore 

U+Cr  =  0+aj=Crg 

Moreover,  according  to  the  characteristic  equations,  this  sum  Is  constant  along  the 
entire  character latic.  Thus,  for  all  the  u  +  a  oharaoteristlos  whloh  extend  Into 
the  rest  region  A-O-L, 


U  +  o-  =  cr. 


(D-1) 


Hence,  this  equation,  whloh  Is  true  for  all  u  +  a  characteristics  In  A-O-L,  applies 
to  the  entire  region  Into  whloh  these  characteristics  exist,  the  region  A-O-L-E!,  where 
B  Is  the  point  where  the  first  reflected  disturbance  reaches  the  projectile. 


t 


Ulo  lOBxun  A-O-L-tj  IS  termed  a  "Rlmple  wave"  region.  It  occurs  because  all  the 
u  +  a  characteristics  within  it  extend  Into  a  region  of  constant  state,  In  this  case 
a  rest  state.  The  entire  region  la  described  by  the  eQuatlon 

u  +  <r  =  cr^  . 

It  Is  to  be  noted  that  the  u  +  a  lines  in  the  region  A-L-E  are  not  straight  lines 
but  are  curved;  in  the  rest  region,  however,  the  u  +  a  lines  are  straight  lines 
with  slope  equal  to  a„  . 


The  u  -  a  oharaoteristlcs  each  have  u  -  cr  aqual  to  a  constant  along  them.  For 
example,  for  the  characteristic  B-M  In  the  sketch 


cr  =  Ug  -  CTj  =  constant 


(D-2) 


Let  the  portion  of  this  oharacterlstlc  B-N  which  Is  In  the  simple  wave  region  be 
considered;  for  any  point  on  this  portion,  e.g. ,  point  J,  Equation  (D-2)  becomes 


=  u. 


constant 


(D-3) 


But  since  this  point  Is  In  the  simple  wave  region 


From  Equations  (D-3)  and  (D-4)  it  Is  found  that  along  the  u  -  a  line  B-N  within  the 
simple  wave  region, 

u  =  constant  =  (.cr^  +  “a  " 


cr  =  constant  =  [cr^j  -  (Ug  -o-g)]/2 


and,  hence,  the  other  thermodynamic  properties  a  ,  p  ,  p  ,  etc.,  are  each  constants. 
The  slope  "u  -  a"  Is  therefore  a  constant.  Thus,  the  line  B-N  Is  a  straight  line.  By 
the  same  argument  all  the  u  -  a  lines  originating  at  the  projectile  are  straight 
lines  within  the  simple  wave  region. 


u  -  a  LINES  IN  SIMPLE 
WAVE  REGION  ARE 
STRAIGHT  LINES 


CURVED  u  -  0  LINES 
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ArrcnuiX  t. 

The  NufflerlGftl  Procedure  to  Determine 
The  Behavior  in  a  PP  Gun  with  =  1 


The  following  equations  will  be  employed 


3  3 

—  (u  +  o)  +  (u  +  a)  ~  (u  +  cr)  =0  (E-1) 

3t  3x 


3  3 

—  (u  -  CT)  +  (u  -  a)  ~  (u  -  cr)  =  0  (E-2) 

3t  3.x 


(E-3) 

dt  M 

p 

-  p(p) 

for  the  given  entropy 

(E-4) 

a 

=  a(p) 

for  the  given  qntropy 

(E-5) 

cr 

=  o-(p) 

for  the  given  entropy 

(E-S) 

The  method  used  to  obtain  the  last  three  laentroplo  relations  from  real  gas  thermo- 
dyneuoloB  data  Is  discussed  In  Reference  S;  these  throe  relations  are  In  graphical  form. 
An  x>t  diagram  Is  employed  as  a  visual  aid  In  the  solution.  The  procedures  outlined 
in  (1)  and  (111)  below  are  essentially  those  described  by  Heybey^,  for  a  Noble-Able 
gas.  (See  also  Foa‘*  and  Rudlnger’‘). 

(1)  Determining  the  conditions  at  an  unknom  point 
within  the  characteristic  net 

It  Is  assumed  that  the  oharaoteristlo  lines  are  composed  of  chains  of  connected 
straight  segments;  these  straight  segments,  which  connect  points  of  the  oharaoteristlo 
net  in  the  x-t  plane,  replace  the  actual  curved  lines.  (However,  the  solution  may 
be  made  as  accurate  as  desired  by  the  use  of  smaller  steps. )  Thus,  the  characteristic 
net  oonNlsta  of  quadrilaterals,  the  sides  of  which  are  parts  of  characteristic  lines. 

If  the  conditions  (u,  a,  x,  t,  p,  a)  at  the  points  A  and  B  (see  sketch)  which  are 
diagonally  opposite  corners  of  one  of  these  quadrllsterals  are  known,  then  the 
conditions  at  point  C,  one  of  the  other  two  corners  of  the  quadrUateral,  can  be 
determined  from  the  equatlonc  listed  above. 

By  oharaoteristlo  equations  (L'-l)  and  (E-2> 

“c  “a  ”  •  “c  ^“0  =  “b 


+  £7-. 
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L 


Therefore, 


t  - ► 


“o  =  *  +  “a  +  -  °’c> 

(E-7) 

CTo  =  i  (Uq  -  Ua  +  o-b  +  o-*)  . 

By  Equations  (E-4),  (E>5),  and  (E-B)  the  velocity  of  sound  and  the  pressure  at  C  , 

a^  arid  Pg  ,  may  bo  determined  from  cr^  ,  The  slopes  of  lines  A-C  and  B-C  are  taken 

as  arithmetic  means  of  the  slopes  at  A  and  C,  and  the  slopes  at  B  and  C: 

(slope)^  =  =  i  [(u^  -  B^)  +  (Ug  -  8g)] 

Sg  =  i  [(Ub  +  Bg)  +  (Ug  +  ag)]  . 


Then  the  straight  lines  through  A  and  B  intersect  at  C  with  coordinates 


Sa-Sb 


(E-8) 


(Xg  -  Sgtg)  -  (X,  -  8,t,) 

Sa-Sb 


Thus,  all  the  conditions  (u,  <r,  x,  t,  p,  a)  at  C  are  known  from  the  conditions  of  the 
two  points  A  and  B. 


A  special  case  of  the  above  is  when  the  unknown  point  (here  C')  is  on  the  t-axls 
(at  the  breech).  In  this  case  conditions  at  only  one  adjacent  point  need  to  be  known. 
Prom  then  Ug/  =  0  ,  Xg/  =  0  ,  and 

=  ('^A'  -  “a') 

®A'  =  ^  («a'  -  ^a'  - 


(E-9) 
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(11)  Determining  the  point  nt  which  the  fiert  refltcud 
wavelet  reaches  the  projectile 

By  use  of  the  simple  wave  euuaUune,  the  piston  path  can  be  obtained  until  the 
first  reflected  wavelet  reaches  the  projectile.  However,  this  point  is  unknown  and 
can  be  found  by  the  procedure  described  here. 


L  M 


Point  B  In  the  sketch,  at  which  the  first  reflected  wavelet  reaches  the  projectile, 
is  the  intersection  of  the  projectile  path  as  determined  by  the  simple  wave  equations 
and  the  first  wavelet  A-L-E.  Prom  point  A  (the  Initial  projectile  position,  x  =  -x^) 
the  first  wavelet' s  path  to  the  breech  may  be  drawn  Immediately,  since  It  is  a  straight 
line  of  slope  equal  to  u  -  a  =  0  -  ag  =  -Sg  .  The  Intersection  of  the  first  wavelet 
with  the  breech  Is  at  time  equal  to  Xg/a^  ;  all  the  conditions  at  L  are  known 

cr  =  cTg  ,  u  =  0  ,  X  =  -Xg  ,  t  =  Xp/Sg  ,  s  =  ag 

Now  a  point  B  on  the  projectile  path  adjacent  to  A  should  be  selected*.  The  conditions 
at  B  are  known  from  the  simple  wave  equations  and  Equations  (E-4)  through  (B-B). 
Therefore,  the  conditions  at  1  (the  Intersection  of  the  reflected  wavelet  ascending 
from  L  and  the  wavelet  descending  from  B)  may  be  obtained  by  the  method  described 
above  in  (1).  Similarly,  from  C,  a  known  point  on  the  projectile  path  adjacent  to  B, 

and  from  point  1,  the  conditions  at  point  2  may  be  calculated.  In  this  manner  the 

reflected  first  wavelet  Is  continued  until  it  Intersects  the  projectile  path  (at  B). 


Ihe  spacing  of  point  B  from  A  (and  C  from  B,  etc.)  Is  such  that  any  smaller  spacing  would 
yield  the  sane  results  within  the  accuracy  desired. 


176 


(iii)  Dttcr.zi~ir.g  the  prej  i  He  puih  after  the  first  re  f  Lection 

The  characteristic  net  must  be  continued  In  a  step-by-step  fashion  to  obtain  the 
piston  path  and  gas  behavior  after  the  first  reflection  point  at  E.  Point  M  at  the 
breech  is  obtained  by  the  method  outlined  in  (1).  Point  4  Is  obtained  from  the 
conditions  at  2  and  M,  and  so  on  up  the  reflected  wavelet  M-4-6-6.  From  the  conditions 
at  point  E  on  the  projectile  path  and  from  the  point  6.  the  desired  point  0  may  be 
obtained  by  an  Iterative  process.  The  iterative  process  demands  the  following: 


(a)  Point  G  Is  the  Intersection  of  a  line  through  E  whose  slope  is  the  average  of 

the  slopes  at  E  and  0  (on  the  line  E-0),  and  a  line  through  6  whoso  slope  is  the 

average  of  the  slopes  at  6  and  Q  (on  the  line  6-0).  Thus, 

slope  E-G  =  Bj;  =  1/2  (Ug  +  Ug) 

slope  6-0  "  Sj  =  1/2  (u^  +  a,  +  Ug  +  Sg) 

(b)  Newton's  law  applied  to  the  projectile  is  satisfied  in  the  Interval  of  time 
between  E  and  0.  Thus, 


“o  ~  “o'  A  . 


Hie  Iterative  process  is  illustrated  below. 

As  a  first  approximation  the  time  at  point  6,  t^^^  ,  Is  obtained  as  the  Intersection 

of  a  line  from  point  E  with  slope  Ug  and  of  a  line  from  point  6  of  slope  +  a^  ; 
a^^^  Is  provisionally  assumed  eaual  to  a^  and  the  first  approximation  of  the  velocity 
at  point  0  is  found  from 


Then 


u<^>  =  u„  +  (t<^>  -  tg)  (Pg)  -  • 


=  “b!  +  “g 


(O 


=  (!)  = 


(U<  +  a^)  +  (u<*>  +  a<^>) 


-  (Xg  -  s^’^^  tg) 


A2)  = 


“k  +  -  *E> 


Pg  +  P^^^  A 
2  M 


r<«)  = 


-  “a 


(!) 


178 


APPENDIX  P 

The  Classical  Approxlnate  Solutions  to  the 
Internal  Ballistics  Problem 


(1)  Lagrange's  Method  of  Assuming  the  Density  to  be  a 
Function  of  Time 

As  previously  mentioned,  the  classical  "Lagrange  Problem  of  Internal  Ballistics" 

Is  the  problem  of  what  occurs  when  a  projectile  initially  at  rest  In  a  constant  cross- 
sectional  area  gun  Is  propelled  by  a  propellant  which  burns  Instantaneously.  The 
process  Is  considered  as  one-dlnenslonal,  frlctlonloss,  and  adiabatic.  Lagrange'*’ 
Initiated  the  study  of  this  problem  In  1793,  when  he  presented  an  approximate  solution 
to  the  problem.  He  assumed  that  the  propellant  gas  density  p  was  a  function  only  of 
time  and  not  of  distance  x  ,  l.e., 


p  =  PW 


(P-1) 


With  this  assumption,  by  use  of  the  continuity  and  momentum  eQuatlons,  the  following 
relations  are  derived  (as  shown,  for  example,  by  Corner^‘)  for  the  Dq/0^  s  i  gun  . 


u 


*p  +  *0 


(P-2) 


a  linear  velocity  distribution. 


JL 

Pn 


1  +  £. 


X  +  x. 


2M 


2M  \Xp  +  X,, 


(P-3) 


a  parabolic  pressure  distribution. 


Px-x 


=  1  + 

2M 


(P-4) 


a  constant  ratio  between  pressure  at  the  breech  and  projectile. 


-i  =  iti 

P„  3M 


kinetic  energy  of  gas 


=  i  (i  «“p) 


(P-B) 

(P-6) 
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>M(r  -  1) 


1  - 


*p  +  *0 


r-i 


(P-7) 


179 


Tuuo,  Liiu  uuuumpiion  p  -  pit)  leads  to  the  condition  of  a  parabolic  pressure 
distribution,  with  pressure  ratio  for  the  gas  at  the  breech  to  that  at  the  projectile 
a  constant:  obviously,  this  is  not  true  for  the  Ijagrange  problem  at  the  start  when  the 
pressure  is  uniform  in  the  chamber.  It  is  also  noted  that  the  projectile  velocity 
becomes  infinite  for  infinite  Q/M  and  infinite  travel;  this  is,  as  known  from  the 
discussions  of  the  main  text,  not  true. 

Nevertheless,  this  approximation  accounts  somewhat  for  the  gas  inertia,  and  for  the 
case  of  low  G/M  (and,  hence,  low  velocity,  and  many  reflections  of  the  first  disturbance 
from  the  projectile)  la  a  convenient  approximation. 

(2)  The  Special  Solution  of  Pidduck  and  Kent 

After  Lagrange  had  initiated  the  study  of  the  "Lagrange  Problem",  Hugonlot®° 
extended  Riemann’ s  theory  of  waves  of  finite  amplitude  and  applied  it  to  the  problem; 
he  solved  it  to  the  point  when  the  first  expansion  disturbance  shed  by  the  projectile 
reached  the  breech.  Gossot  and  Louisville  went  still  further  and  followed  the  first 
expansion  disturbance  after  it  had  been  reflected  from  the  breech  back  to  the  projectile. 
The  culmination  of  this  method  of  attack  (which  did  not  use  the  method  of  charaoterlstlos) 
was  the  complete  solution  as  far  as  the  first  disturbance  traveling  back  and  toward 
the  breech  for  the  third  time  by  Love‘^  in  1021. 

Love  replaced  the  system  of  hyperbolic  auasi-llnear  partial  differential  equations 
which  describe  the  problem  by  a  single  partial  differential  equation  of  second  order 
for  one  single  dependent  variable  and  solved  it  separately  for  each  wavelet.  His 
solution  contained  lengthy  and  involved  computations  and  was  valid  only  for  a 
NoblS'Abel  gas  (with  Isentroplc  relation  p(v*b)‘’'  =  constant)  whose  ratio  of  specific 
heats  was  of  the  form 


7 


2n  +  1 
2n  -  1 


0 

I. 


i. 


I 

1 

i; 

( 


where  n  is  on  integer. 


Pidduck,  noted,  from  the  results  he  had  calculated  with  Love’s  equations,  that  the 
ratio  of  the  breech  pressure  to  the  pressure  of  the  gas  directly  behind  the  projectile 
oBolllated  as  shown  in  the  sketch. 
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This  oscillation  is  a  result  of  the  lowering  of  the  pressure  occurring  as  the  first 
disturbance  reflects  back  and  forth  between  breech  and  projectile.  Pidduck  found  that 
the  oscillations  damped  out  and  that  the  pressure  ratio  approached  a  certain  limiting 
value.  He  then  deduced  a  "special  solution’'  to  the  governing  differential  equatlonB 
which  Indeed  did  yield  the  condition  that  the  ratio  Pg/Pp  is  a  constant,  not  onl.r  in 
a  Unit  but  at  all  times.  This  solution,  an  analytic  one,  did  not  satisfy  the  Initial 
conditions  of  the  Lagrange  problem;  the  initial  conditions  for  the  special  solution 
were  a  non-uniform  distribution  of  density  and  pressure,  Pidduck  and  all  later 
investigators  have  suspected,  but  not  proved,  that  the  accurate  solution  to  the 
Lagrange  problem  approaohed  the  special  solution  in  the  limit  of  large  travel. 

The  special  solution  has  also  been  derived  by  Kent^^  and  by  Vlntl  and  Kravitz^^. 
(See  also  Corner It  is  often  referred  to  as  "The  Pidduck-Kent  Special  Solution" 
or  “Pidduck  Special  Solution".  Ihe  essential  results  are  as  follows. 


u 

u_ 


JLULil 

*p  +  *0 


(P-8) 


I>x. 


<1  - 


y-i 


(P-9) 


or,  for  a  y  =  1  gas. 


(P-10) 


where  a.  and  (x..  depend  on  O/M  and  y  ,  as  shown  below  and  plotted  in  Figure  44, 
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(1  -  a„)"  y-*  f 


y  -  1 


(1  -  BpM  )'  dM 


(P-11) 


or,  for  a  y  =  1  gas. 


-  =  2  a.e 
M  “ 


e  d/i 


(P-12) 


Por  small  O/M,  a.  may  be  approximated  as 


o(y  -  1) 

"  M(2» 

6y  M  [_4  127  1807^  J\M/ 

>  t 
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(P-H) 


(P-16) 


where 


M  a 


(P-18) 


Thus  Figure  44  tnajr  be  used  in  oonjunotlon  with  Equations  (P-14),  (P'16),  and  (P-16)  to 
to  calculate  the  projectile  velocity  for  any  gun,  even  a  chambered  gun,  although  the 
solution  was  derived  for  a  =  1  gun.  Ihen,  for  the  chambered  gun,  Xg  should 

be  replaced  by  XgAg/A^  In  the  above  equations. 


Ihe  above  results  may  be  deduced  for  a  Dg/D^  =  1  gun  with  a  oovolume  propellant 
gas,  and  have  been  applied  as  on  approximation  to  even  the  case  of  a  chambered  gun 
with  a  oovolume  propellant  gas.  In  the  chambered  oovolume  case  the  sound  velocity 
Sg  In  all  the  equations  above  should  be  replaced  by  v^RTg  =v^g(Vg  -  b)  and  Xg 
should  be  replaced  by  (AgXg  -  bQ)/A^  . 

It  Is  found  that,  when  O/M  becomes  Infinite,  efg  approaches  one.  In  this  case, 
for  the  Dg/D^  =  1  gun,  the  projectile  velocity  becomes,  from  Equation  (P-14), 


(P-17) 


which,  for  infinite  travel  distance,  becomes  equal  to  2ag/(7^-  1)  ;  this  Is,  as  It 
should  be,  the  escape  velocity  for  a  Dg/Dj  =  1  .  Xg  =  oo  gun  . 


*  However,  the  same  result  for  usoape  velocity  is  arrived  at  for  a  chambered  Xg  “  gun, 
for  whiob  It  la  Inoorreot. 
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Tho  ana««4o1  j _ x.  it  m. 

.  .  - *  ^^»,4.xco  uu  Liie  Ug/Uj  =  1  gun  in  wnicti  initially  there  Is  a 

pressure  gradient  in  the  propellant  gas;  the  Lagrange  ballistics  problem  (the  PP  gun 
oroblem).  however,  assumes  no  gradients  initially,  Pidduok  and  later  investigators 
ected,  but  never  proved,  that  the  special  solution  approaches  the  acurate  solution 
le  limit  of  large  travel.  The  results  of  calculations  made  on  the  electronic 
.  .putlng  machines  (see  Section  28)  seem  to  confirm  this  suspicion. 

The  computed  results  indicate  that.  Indeed,  the  special  solution  is  an  amazingly 
good  approximation  for  the  finite  chamber  length  PP  gun  for  any  D./D  ;  this  le  true 
for  small  projectile  travel  as  well  as  large  travel.  A  comparison  of^the  special 
solution  results  with  the  computed  results  for  the  PPIQ  gun  is  shown  in  Figure  21, 
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APPENDIX  0 

Equations  for  a  Shock  Moving  into  a  Gas 
at  Rest  in  a  Closed  End  Cylinder 


Let  a  shock  moving  into  an  Ideal  gas  at  rest  be  considered. 

Si 


P2'^2''^2 - ^  ^  \  P 


Ihe  equations  describing  this  situation  are  summarized  below  (see,  for  example, 
Olass^^®'^^*  or  Lukaoiewioz^ . 


271  /£iY  _  ~  ^ 
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/ /  *y  1  \^\j  ^ 
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>'i  +  i 
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- 1 

,a,  / 
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When  the  shock  reaches  the  end  of  the  tube  it  is  reflected  as  shown -in  the  sketch. 


By  superimposing  the  velocity  u^  to  the  left,  this  becomes  the  case  of  a  shock 
moving  into  a  gas  at  rest. 


h. 

P2 


s'! 


r,  -  .1 


(a-20) 
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APPENDIX  H 

The  One-Dimensional  Unsteady  Characteristic  Equations 
for  the  Case  of  Gas -Wall  Friction  and  Heat  Transfer 


Here  is  irreversibility  and  inhoraogeneity  introduced  by  the  gas-wall  friction  and 
heat  transfer  are  assumed  to  be  of  a  magnitude  such  that  p  ,  p  ,  s  ,  u  ,  etc. .  may 
still  be  defined  for  each  gas  layer  at  position  x  and  time  t  .  Also,  it  is  assumed 
that  the  second  law  equation,  Tds  =  du  +  pdv  ,  is  valid  within  the  gas  layer.  Then, 
with  P  the  gas-wall  friction  force  per  unit  mass,  the  force  equation  for  the  gas 
layer  becomes 


dx-J^ 


F  pAdx 


\e\0AS 

LAYER 


Bu  Bu 

Bt  Bx 


The  continuity  equation  and  the  gas  law  are 

B/O  Bu  Bp 


1  Bp 
p  Bx 


(H-1) 


(H-2) 


P  =  P(P.B) 


(H-3) 


These  equations  may  be  manipulated  to  yield  the  following  characteristics  equations: 


Dt  ap  Dt  ap\Bs/^  \dt/ 

where  a  is  the  sound  speed  and  D/Dt  is  defined  as 


and  d/dt  is 


JD_ 

Dt 


e 


3 


B 

+  (u  ±  a)  — 

Bx 


d  B  3 

-  B  —  +  U  — 

dt  Bt  Bx 


(H-4) 


(H-5) 


(H-6) 


To  obtain  the  entropy  change  for  each  gas  layer,  use  is  made  of  the  first  law 
equation  applied  to  the  gas  layer. 


1  B(pu) 

p  Bx 


+  Q 


(H-7) 
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where  v  is  internal  energy  and  q  Is  the  rate  of  heat  transfer  into  the  layer  per 
unit  mass.  The  second  law  applied  to  the  gas  layer  is 

ds  dv  p  dp 

T  —  - - r—  .  (H-8) 

dt  dt  p’  dt 

Equations  (H-1),  (H-2),  (H-7),  and  (H-8)  may  be  combined  to  yield 

ds 

T  —  =  Pu  +  q  (H-9) 

dt 

which  is  Equation  (39-6)  of  the  text. 
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APPENDIX  1 

The  Equivalence  of  the  Ideal  and  the  Abel  Equations 
nf  State  in  Application  to  the  Lagranec  Ballistic  Problem 

(DjA)i  =  1.  Xo  =  ao) 


In  Reference  54,  Heybey  discusses  the  significant  parameters  of  the  Lagrange 
Ballistic  Problem.  This  classical  internal  ballistics  problem  is  the  problem  of  what 
occurs  when  a  projectile  initially  at  rest  in  a  constant  cross-sectional  area  gun  is 
propelled  by  a  propellant  which  burns  instantaneously  (thus  initially  establishing  a 
uniform  high  pressure  gas  behind  the  projectile).  This  process  is  considered  as  one 
dimensional,  frictionless,  and  adiabatic.  Heybey  demonstrates  that,  for  a  given  ratio 
of  propellant  gas  mass  to  projectile  mass  (Q/M)  and  a  given  ratio  of  specific  heats 
(7)  the  dimensionless  projectile  motion  is  the  same  function  of  dimensionless  time 
tor  the  Abel  gas  as  tor  the  ideal  gas.  However,  the  characteristic  net  (the  interior 
of  which  must  he  used  to  obtain  the  behavior  of  the  gas  behind  the  projectile)  is 
different  for  the  two  cases  in  the  Eulerlan  coordinate  system  which  Heybey  uses;  a  new 
characteristic  net  must  be  calculated  with  the  Abel  equation  of  state  for  each  value 
of  the  covolume  (see  Figure  6,  Reference  54). 

It  will  be  shown  here  that  if  Lagranglan  coordinates  are  employed  to  solve  the 
Lagrange  problem,  a  seemingly  natural  choice,  the  use  of  the  Abel  equation  oi  state  is 
equivalent  to  that  of  the  ideal  equation  of  state;  the  two  cases  become  one  u'  :  nw 
characteristic  net. 

It  can  be  shown  (see  Courant  and  Friedrich '*)  that  in  Lagranglan  coordinates  the 
characteristic  equations  describing  the  isentropic  unsteady  one -dimensional  flow  are 

B  B 

—  (u  ±  0-)  ±  k  —  (u  ±  0-)  =  0  (I-l) 


where  H  =  pdx  (the  mass  per  unit  area  of  gas  from  a  given  point  in  the  flow 

•'x(o,t) 

to  the  breech  of  the  gun)  and  k  is  the  acoustic  impedance  of  the  gas,  pa  .  The 
dimensional  variables  become  dimensionless  by  the  following  transformations: 
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The  entire  behavior  of  the  gas  and  projectile  are  determined  by  the  dimensionless 
equations  (1-3)  through  (1-6).  A  oharacteristio  net  on  the  H-t  plane  can  be 
calculated  from  the  equations.  Since  these  equations  dosoribe  both  oases  (the  ideal 
and  Abel  gas  oases),  only  one  solution  for  a  given  0/M  and  y  is  necessary.  The 


ideal  and  Abel  gases  are  equivalent  in  this  system  of  coordinates  in  application  to 
the  Lagrange  Ballistic  Problem. 
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A  characteristic  net  In  the  H-t  plane  for  the  Lagrange  problem  is  shown  in  the 
previous  sketch. 

It  Is  interesting  to  note  that  the  equation  for  the  first  reflected  impulse  (B-C) 
can  be  obtained  analytically.  This  relation  is 


A  comparison  of  the  two  propellants  initially  is  shown  in  the  sketch. 


(1-7) 


G  M 


G 


It  is  important  to  remember  that,  with  a  chambered  gun,  the  performance  of  the 
Abel  and  ideal  gases  are  no  longer  equivalent.  Because  of  the  increased  enthalpy 
(or  f  dp/p)  of  the  Abel  gas  relative  to  the  ideal  gas,  the  Abel  gas  gives  better 
performance  for  the  sane  0/M. 
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APPENDIX  J 

Equations  for  the  Thernodynamic  Properties 
of  an  Isentroplcally  Expanding  Ideal  Gas 


For  an  Ideal  (or  perfect)  gas  the  thermal  equation  and  Isentroplc  equation  are, 
respectively, 


p  =  pRT 
P  =  P’’  (Pq/pP 
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p-T 

M 


(J-1) 

(J-2) 


where  the  subscript  "O"  indicates  an  initial  state  from  which  the  gas  expands.  From 
these  equations  the  following  relations  may  be  derived  for  the  isentroplc  expansion  of 
the  ideal  gas  in  terms  of  the  Rlemann  Function  a-  (defined  as  do-  =  (dp/ap).): 


a  =  Cy  -  l)cr/2 

h  =  aV(r  -  1)  =  (r  -  l)aV4 

P  = 

p  =  Pj,(a'/crg)*/(y-‘>  . 


(J-3) 

(J-4) 

(J-5) 

(J-6) 


Hie  expressions  for  ap  and  p  as  functions- of  p  during  the  isentroplc  expansion 
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GENERAL  REFERENCES 


The  number  of  papers  published  on  the  subject  of  high  velocity  gas  guns  within  the 
past  twenty  years  Is  multi -tudlnous.  Dr.  Glass,  In  Reference  24,  recent.ly  has  made  a 
survey  of  constant  diameter  preburned  propellant  guns.  It  Is  suggested  that  reviewing 
the  proceedings  of  the  following  two  symposia,  which  are  each  held  every  year  to  two 
years,  will  aulckly  familiarize  one  with  the  field: 

(1)  Symposia  on  Hypervelocity  Impact,  sponsored  by  the  US  Army,  US  Air  Force,  and 
US  Navy.  The  last  symposium  was  held  In  Tampa,  Florida,  in  November  1964. 

(2)  Symposia  on  Hypervelooity  Techniques,  sponsored  by  various  groups.  The  last 
symposium  was  held  In  Denver,  Colorado,  on  March  1,  1964. 

The  predominant  number  of  publications  In  the  field  of  high-speed  guns-has  been 
produced  by  the  following  Laboratories  In  the  United  States: 

(1)  US  Naval  Research  Laboratory,  Washington,  DC, 

(2)  Ames  Research  Center,  NASA,  Moffett  Field,  California. 

(3)  US  Ballistic  Research  Laboratories,  Aberdeen  Proving  Ground,  Maryland. 

(4)  US  Naval  Ordnance  Laboratory,  White  Oak,  Silver  Spring,  Maryland. 

(3)  General  Motors  Defense  Research  Laboratories,  General  Motors  Corporation, 

Santa  Barbara,  California, 

(6)  Arnold  Engineering  Development  Center,  Arnold  Air  Force  Station,  Tennessee. 

(7)  Denver,  Research  Institute,  University  of  Denver,  Denver,  Colorado. 

(5)  AVCO  Corporation,  Wilmington,  Massachusetts  and  Everett,  Massachusetts. 

(9)  Armour  Research  Foundation,  Illinois  Institute  of  Technology,  Chicago,  Illinois. 

In  addition,  the  following  Laboratories  outside  of  the  United  States  have  been 
active  In  this  field: 

(1)  Canadian  Armament  Research  and  Development  Establishment,  Quebec,  Canada, 

(2)  McGill  University,  Montreal,  Canada. 

(3)  Royal  Armament  Research  and  Development  Establishment,  Fort  Halstead,  Kent 
England. 

(4)  Institute  Franco -Alleoand  Oe  Reoherches  De  Saint-Louis,  France. 

(6)  LRBA,  Vernon,  France. 

A  search  of  the  high-speed  gun  literature  under  the  names  of  these  Laboratories 
will  uncover  much  of  the  publications  in  the  field. 
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Figure  21 (d2) 
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Pig. 46(a)  Pit  of  extrapolated  hydrogen  data  to  Betni-erapirloal 
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isentroplc  equation  p(v-b)^‘'  =  =  K. 


of  extrapolated  hydrogen 
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Figure  46 
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ideas  and  (QuatioDS  are  fully  developed.  I  I  Ideas  and  equations  are  fully  developed. 
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